1. DIFFERENTIATION g3

Let us Study J

e Derivatives of Composite functions. e  Geometrical meaning of Derivative.
e Derivatives of Inverse functions e Logarithmic Differentiation
e Derivatives of Implicit functions. e Derivatives of Parametric functions.

e Higher order Derivatives.

4
o)

Let us Recall J
e The derivative of /' (x) with respect to x, at x = a is given by f'(a) = Ellng{

f(a+h)—f(a)}
h

e The derivative can also be defined for f (x) at any point x on the open interval as

f'(x) — 111_1;13|:f(x+ h}z _f(X)

} If the function is given as y = f (x) then its derivative is written as
dy _ o
— = f'(x).
iy f'(x)
e For a differentiable function y = f(x) if 0x is a small increment in x and the corresponding increment
K d
in y is 8y then lelg})(éj = d_i .

e Derivatives of some standard functions.

d , d :
y=1( o @ y=r® 2 - )
dx dx
¢ (Constant) 0 sec x sec x tan x
xn nxn 1
1 1 COSsecC x — cosec x cot x
. a 2 cot x — cosec? x
1 n e* e~
xn a xn+1
a* a*loga
1
— 1
Vx 2x log x -
sin x COS X
COS X —sin x log x 1
tan x sec? x ‘ xloga

Table 1.1.1
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Rules of Differentiation :

If u and v are differentiable functions of x such that

dx dx dx dx dx dx
. Jdu v
(i) y=—wherev=0then ® _ dx _ dx
v dx v

Introduction :

The history of mathematics presents the development of calculus as being accredited to Sir Isaac
Newton (1642-1727) an English physicist and mathematician and Gottfried Wilhelm Leibnitz (1646-
1716) a German physicist and mathematician. The Derivative is one of the fundamental ideas of calculus.
It's all about rate of change in a function. We try to find interpretations of these changes in a mathematical
way. The symbol & will be used to represent the change, for example dx represents a small change in the
variable x and it is read as "change in x" or "increment in x". dy is the corresponding change in y if y is

a function of x.

We have already studied the basic concept, derivatives of standard functions and rules of
differentiation in previous standard. This year, in this chapter we are going to study the geometrical
meaning of derivative, derivatives of Composite, Inverse, Logarithmic, Implicit and Parametric functions

and also higher order derivatives. We also add some more rules of differentiation.

E‘@; Let us Learn

1.1.1 Derivatives of Composite Functions (Function of another function) :

So far we have studied the derivatives of simple functions like sin x, log x, e* etc. But how about
the derivatives of sin +/x , log (sin (o + 5)) or e ¥ etc ? These are known as composite functions. In
this section let us study how to differentiate composite functions.

1.1.2 Theorem : If y = f(u) is a differentiable function of u and u = g (x) 1s a differentiable function of
& b du
dx du dx

Proof : Given that y = f(«) and u = g (x). We assume that u is not a constant function. Let there be a

x such that the composite function y = f[g (x)] is a differentiable function of x then

small increment in the value of x say dx then du and 0y are the corresponding increments in # and

y respectively.

As dx, du, oy are small increments in x, # and y respectively such that dx # 0, du # 0 and Sy # 0.

oy Oy odu
have —=—x—.
We have ox Ou Ox

Taking the limit as 6x — 0 on both sides we get,

. SO0 .




lim(s—yj = lim(S—yJ X lim(s—u]
Sx—0 8x Sx—0 Su Sx—0 Sx

As dx — 0, we get, du — 0 (" u is a continuous function of x)

lim(a—yj = lim(s—yj X lim(s—uj ..... D
ax—0\ Ox du—0\ Jyy ax—0{ Jx

Since y is a differentiable function of # and u is a differentiable function of x.

we have,

. (oy) dy . (du) du

lim| — |=— lim| — |=—
Bgnm( Suj ™ and Bx_)o( ij e (I1)
From (I) and (II), we get

lim 0 = Qx@ ..... (I1T)
&0\ dx ) du dx

The R.H.S. of (IIT) exists and is finite, implies L.H.S.of (III) also exists and is finite

lim[S—yj = d_y Then equation (IIT) becomes,

ax—0{ Ox dx

dy _dy du

dx du dx
Note:

1. The derivative of a composite function can also be expressed as follows. y = f(u) is a differentiable
function of u and u = g (x) is a differentiable function of x such that the composite function

v =f[ g (x)] is defined then
D praeng e
X

2. Ify=f(v)isadifferentiable function of v and v = g () is a differentiable function of # and u = 4 (x)

1s a differentiable function of x then
d_y B ﬂ y dv du

_x_

dx dv du  dx

3. Ifyisa differentiable function of u,u, is a differentiable function of u fori=1,2,...,n—1 and u
is a differentiable function of x, then

n

abc_du1 du, du, =~ du dx

n

dy _dy  dw du, - du, du,

This rule is also known as Chain rule.

/
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1.1.3 Derivatives of some standard Composite Functions :

dy dy
Y dx Y dx
ek ; [f(?'](")l L cot [ f(x)] — cosec? [ /(x)]- f'(x)
NI x_ cosec [ f(x)] | —cosec [ f(x)] - cot [ f(x)] - f'(x)
2/ (?) a/® a’®-loga-f'(x)
1 f
/@) - % e’ 0/
sin [/ (0] cos [/ ()]-/'() log [ /(0] )
cos [ ()] —sin [/ (0] /') /)
tan [ /'(x)] sec’ [ f(x)]- f'(x) T ')
sec [f()] | sec [£()] - tan [£(0)] ') P8 L ek e
Table 1.1.2
@) SOLVED EXAMPLES ]
Ex. 1 :Differentiate the following w. r. . x.
(i y=Nxt5 (i)  y=sin (logx) (iii)) y=e'n
3
(iv) log(x’+4) (v) 53cosx=2 (vi) y=
@x*=7y
Solution : (i) y= Yx*+5
Method 1 : Method 2 :

Let u = x> + 5 then y =+/u, where y is
a differentiable function of u# and u is a
differentiable function of x then

dy dy du

..... D
dx du dx
Now, y =+
Differentiate w. r. t. u
d d
a’y (\/_)— J_andu:x2+5
Differentiate w. r. t. x
du d
—=—**+5)=2x
dx dx

Now, equation (I) becomes,
ﬂ 1 X

We have y = \ X*+ 5

Differentiate w. r. t. x

b4 ()

dx  dx

[Treat x*> + 5 as u in mind and use the formula
of derivative of \/_ u
dy 1

+5
dx 2,/x +5 dx (e +3)
dy 1
——(2x)
dx 2Vx* +5
ﬂ B X
dx x> +5




(i) y =sin (log x)
Method 1 :

Let u = log xthen y = sin u, where y is
a differentiable function of u and u is a
differentiable function of x then

b _d du

dx du dx

Now, y =sinu
Differentiate w. r. t. u

d d .
—y=—(Slnu) =cosuand u =log x
du du

Differentiate w. r. 1. x

du d 1
—=—~(logx) =—

dx dx (log.x) X

Now, equation (I) becomes,
dy — cosix 1 _ cos(log x)
dx X X

Note : Hence onwards let's use Method 2.

(ii1) y = e~

V)

Differentiate w. r. t. x

d_y — i[@ tanx]

dx dx

Y _ ™™ x i(tan x)

dx dx

D _ g oc? x = soc x- €™
dx

Lety — 53cosx72

Differentiate w. r. t. x

Q:i[sh:osxfz]

dx dx

dy 3cosx—2 i

5—5 10g5><dx(3 cos x — 2)
d

& 3sinx - 5372 Jog 5

dx

Method 2 :
We have y = sin (log x)
Differentiate w. r. t. x

Y = i[sin (log x)]
dx dx

[Treat log x as « in mind and use the formula

of derivative of sin u]

dy d
— =cos(logx)x —(log x
iy (logx) dx( gx)

& = cos(logx)- 1
dx X

dy _ cos(logx)
dx X

(iv) Let y=log (x° +4)

Differentiate w. r. t. x

d d
d—i=a[10g (x+ 4]
Q: 51 xi(x5+4)
de x +4 dx
dy 1 4 5x*
oo (5xY)=
dx x5+4<X) X’ +4
3
(vi) Lety =
2x* =7y

Differentiate w. r. t. x

dy_df 3 | 34
dx dx| (2x* =7) dx

:3x%xi(2x2—7)
2x"=7)" dx

15
TR
& ___ 60x
dx  (2x°=7)°

1
_7)5

|



Ex. 2 : Differentiate the following w. r. . x.

(i) y=sinx (ii)
(iv) y=(*+2x-3)*(x+cosx)?
Solution :

() y= \sinx’

Differentiate w. r. 1. x

Q:i(\/sin)f)
dx dx
1 d . ;
=————x—(sinx’)
2+/sinx®  dx

1
- 2+/sin x*
1
2+/sin x°

dy _ 3x? cosx’

dx  2+/sinx’

(iii) y = log [cos (x°)]

d
x cosx” X — (x°
o)

x cosx’ x (3x7)

Differentiate w. r. t. x

d d
= = log [eos ()
1 d s
B cos(xs)'E[COS(x )]
. 5 i 5
- m(_ sin(x*)) o (x°)

d
d_y =—tan (x°) (5x*) = — Sx*tan (x°)
x

(iv) y=(x* +2x - 3)*(x +cosx)?

Differentiate w. r. . x

% = i (x3 +2x—3)4 (x+cosx)3i|

dx

d
=(x3+2x—3)4~a (x +cosx)*+(x

y = cot? (x*) (iii)

(v)  y=(1+cos’x)*x\x++tanx

(ii) y=cot® (')
Differentiate w. r. t. x
dy d 2(.3
D _ 2 (cot?(x)
e (cot?(x?))
d 3\ ?
=2 [cot
- [cot (x*)]
=2 cot (x*) 4 [cot (x*)]
dx
d
=2 cot (x*)[~ cosec? (x*)] — (x*)
dx
= — 2 cot (¥*)cosec? (x*)(3x?)
d
& 6x? cot (x*)cosec? (x?)

d
+ cos x)ia (x* +2x - 3)*

X0

y = log [cos (x)]



d d
=(x*+2x-3)*3 (x+cosx)2-d—(x+cosx) +(x +cos x) 3 4(x3+2x—3)3-5(x3+2x—3)
x

=P +2x-3)*3 (x+cosx)? (1 —sinx)+ (x+cosx)?® 4(x*+2x-3)(3x*+2)

d
d—y=3(x3+2x—3)4 (x+cos x)? (1 - sinx)+4 (3 +2) (¢ + 2x — 3)* (x + cos x)’
X

(v) y=(1+cos?x)*x \ x++/tan x

Differentiate w. r. . x

ﬂ = dili(lﬁ-cosz x)4 xvx+\/tanx}
X

dx
= (1+cos’ x)4di(\/x+\/tanx)+(\/x+\/tanx)di(l+cos2 x)*
x X

=(+cos’x)* -;-i(x+\/tanx)+(\/x+\/tanx)-4(l+cos2 x)3i[1+(cosx)2]
24/x++Jtanx dx dx

=(1+cos’x)*- ! (1+ ! -i(tanx)j+(\/x+\/tanx)-4(l+cos2 x)*(2cos x)
2\/x+\/tanx 2Jtanx dx

d
—(cos
(005 %)

2
= (1+cos? x)* - ! (L+S“’xJ+(Jx+4mnx)4a+am%m%2amxx—gnm
24/ x++/tanx 2+/tanx

/ 2
= (1+ cos® x)* - ! (2 tan x + sec xj—(\/wm/tanx)-4(1+cos2 x)*(2sin x cos x)
24x +Jtan x 2Vtan x

2 4 2
dy _ (1+cos” x)"(2vtanx +sec” x) ~ 4sin2x(1 + cos’ x)3m
dx 4+/tan x~/x +~/tan x

Ex. 3 : Differentiate the following w. r. t. x.

. . —4)

i =log, (log. x i =log| ™ (

(i)  y=log, (log,x) (i) y=loge” T —
x+vVx’+a’

(111) (1v) y=log ———
v x2 + a2 —X

(V) y :(4)10g2 (sinx) + (9)10g3(cosx) (Vl) y _ aaloga(colx)




Solution :

(i) » =log, (log,x)
= log, logx | _ log, (log x) — log, (log 5)
log5

log(log x)
= log3 log, (log 5)
Differentiate w. r. t. x
dy d | log(log x)
dx  dx log3

—log,(log 5)}

:Li[log(logx)]—dinogaaog )]
X

log3 dx
1 1 d .
- 10g3 logx Z(logx) 0 [Note that log,(log 5) is constant]
1 1 1
= X X —
log3 logx x
y__ 1
dx xlogxlog3
2 2
. . Bx—4)° & - (3x—4)°
(11) yZIOg 83 '3— :log —_—
V2x+5 (2x+5)

= log[e” -(3x - 4)§} - log[(2x + 5);}

=loge™ +log(3x —4)® —log(2x +5)?

y=3x+§log(3x—4)—%log(2x+5) [ loge=1]

Differentiate w. r. t. x
dy _d

2
3x+—log(3x—4 ——lo 2x+5
o dx{ 3 ( ) g( )}

d 2 d 1 d
= 35(]&') +§ E[log(3x—4)] —5 a[log(2x+ 5)]

1 1 1

=3(1) + Em_( )—g-ﬁ-d—(2x+5)
1 1
0+ 5 O35
dy_,. 2 2

+ f—
dx 3x—4 3(2x+95)

. .




(i) y=log

)
1—cos| —
o \2)
1+ cos(?)x
2

log

J

y =log

dy 3 3x
— ==cosec| —
dx 2 2
(iv) i x++/x*+a’ ~log x*+a’ +xxx/x2+a2 +x
iv) y=logl ———| =
4 8 Nxt+at—x i x*+a’ —-x Nx*+a®+x
| x*+a’ +x |
= log ( 2, 2 2)
| x*+a’—x
_ -
Wx* +a® +x)
=log >
L a _
2
:log(\/x2 +a’ +x) —log(a®)
y= 210g(\/x2 +a’ +x)—log(a2)
Differentiate w. r. t. x
/
o 0
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Q d |:2log(\/x2 +a’ +x)—10g(azi|

dx dx

2; I:log(m+x):|—%[log(a2)]

:2><— —\/x +a +)£|
VX' +a® +x dx

= 2 : 1 ~i(x2+a2)+l}

VxP+a® +x | 2Vx*+4d’ dx

I S P S
VxP+at +x | 2Vxt +4d’

B 2 . x+vVx? +a’
Vxl+a® +x | Jx'+ad’

dy 2

d it

(V) y= (4)]0g2 (sinx) + (9)10g3 (cosx) (Vl) y= aaloga (cotx)
_ (22)logz(SM) " (32) log; (cosx) y=a cot x [ qlogal/® =f(x)]
:(2)210g2 (sinx) +(3)210g3(c05x) Differentiate w. r. t. x
log, (sin? x) log; (cos” x) log , /' (x) Q = i((l cotx)

:(2) & +(3) ® [ aa/® = f(x)] dx  dx

= sin’x + cos’x =a*loga - i(cot X)
y — 1 dx

— cotx _ 2

Differentiate w. r. £. x =a**log a (= cosec’ x)
d_4d 2 m=0 Y _ _cosex a “x]og a
dx  dx dx

Ex.4 : Iff(x)=\7¢(x)-3,gB3)=4andg (3)=S5,find/" (3).

Solution : Given that: f(x) = \/ Tg(x)—3

Differentiate w. r. t. x

f(x)——(/7g(x) ) 2W_[ g( ) 3]

C o 18'(X)
O Fetn
For x =3, we get

o 183 3% T : B o
f(3)_2\/7g(3)—3 =25 2 [Since g (3) =4 and g' (3) = 5]

. .




Ex. S

Solution :

Ex. 6

Hint basket :

Solution :

If F(x)=G {3G[5G(x)]}, G(0)=0 and G’ (0) = 3, find F' (0).
Given that : F (x) = G {3G [5G(x)]}

Differentiate w. r. . x

F ()= -G (3G [5G0}

G (36 156N} 3 [6 156G ]

G' 3G [SGW1}3G' [5G0 5 (G0
X

F'(x)=15-G' {3G [5G(x)]} G' [5G(x)] G (x)
For x =0, we get

F'(0)=15-G' {3G [5G(0)]} G' [5G(0)] G’ (0)
= 15-G'[3G (0)]G' (0):(3) [ G(0) =0 and G’ (0) = 3]
= 15-G"(0)(3)(3) = 15-(3)(3)(3) = 405

Select the appropriate hint from the hint basket and fill in the blank spaces in the following
paragraph. [Activity]

The derivative of g [ f(x)] w. . t. x in terms of fand g is

d
Therefore % lelren]=_________ and {E [g[f(x)]]} -

n
x=—
3

cos (log x)

{1 g0 ¢ (), 1L g Lf@1Sf (), cotx, V3,

X

sin (log x), log (sin x), cos x, i}
X

sin (log x), log (sin x), cos x, i,f’ [g(x)] g’ (x), M, Lg'[f(x)]f(x), cotx, \/3
X X

(1) Different

i

|
{EXERCISE 1.1 )
iate w. r. t. X.
5
5 .. 3 4 2 3
—2x—1) (i) (2x2 3y _sz (v)

(227 - 7x-5)

(i) V¥ rdr—7 (V) el (vi) (ng—__ ! j

3x-5

/,
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(2) Differentiate the following w.r.t. x

€)

cos (x> + a?)

o)

cot’[log (x*)]
cosec (~/cos x)

2 2
e3sm x—2cos“x

(@)

(i)
v)

(vii)
(ix)
(x1)
(xiii) elos [(ogx? - log?]

(xv) log[sec (exz)]

tan [cos (sin x)]

(xvii) [ log [log(log )]’

(xviii) sin*x? — cos”x?

Differentiate the following w.r.t. x

(2 +4x+ 1)+ (- 5x-2)"

(1)

(i) (1+4x)°(3+x—

... X
(111) ﬁ

(v) (1 +sinx)’(1 + cos’x)’
(vi) +Jcos x +\cos \x

(vii) log (sec 3x+ tan 3x) (viii)

(1x) cot( lo‘zng - log(
(X) er _e—2x
er + e—2x

(xii) log [tan®xsin® x-(x+7)]

/1—cos3x
1+cos3x

(xiii) log

(XiV) log

cotx

(i) Ve +5
(iv) W tan\/;

(vi) gsin®x+3

(viii) log [cos (x*~ 5)]
(x) cos? [log (+7)]
(xii) sec[tan (x*+ 4)]

(xiv)sin \sin \x

(xvi)log . (log x)

4)

x2)*
' —s)
<x3 + 3)3

(iv)

1+sinx’

1—sinx’

)

Jx
Loet+1
(x1)
e*/;—l

6))

(6)

(7)

(xv) log

(xvi) log

(xvii) log

(xviii) log 2“—3
(x - 3) log x
(XiX) y — (25)10g5 (secx) (16)10g4 (tan x)

(xx) M
x* =5

A table of values of f, g, /"and g'is given

x [ fx) | g) | S| g
2 1 6 -3 4
4 3 4 5 -6
6 5 2 —4 7
() Ifr(x) =/[g0)] find ' (2).
(i) IfR(X)=g[3+f(x)]find R’ (4).

(1) Ifs(x)=f[9 —f(x)] find s’ (4).
(iv) IfS(x)=g[ g(x)]find S’ (6).
Assumethat /' (3)=—1,g'(2)=5,g(2)=3
and y = f[g(x)] then [d_y} =?

dx

x=2

Ifh(x)=4f(x)+3g(x),f(1)=4,g(1)=3,

f'(H)=3,¢g"(1)=4find 2" (1).

Find the x co-ordinates of all the points on

the curve y =sin 2x — 2 sinx, 0 < x < 2rn

where @ =0.
dx

SOL




(8) Select the appropriate hint from the hint basket and fill up the blank spaces in the following
paragraph. [Activity]

"Let f(x) =x>+ 5 and g (x) = e* + 3 then Therefore di [ f[g(x)]] = and
X
= d d

Sle@l=________ an P{ﬂgm@ = :
gl/®l=__ : Tflxd vative ot g [ /()] w.r. . in terms of

o e derivative of g [ f(x)] w. r. £. x in terms o
Nowf')=________ and fandgis__
g=________ d
The derivative of f[g (x)] w. r. . x in terms Therefore a [g L (x)]] T

ffand g1 .
offandgis ________ and Lli [g[f(x)]]} = _ M
X x=—1

Hint basket : {f’ [2(X)] g’ (x), 2¢* + 6¢", 8, g' [ f ()] ' (x), 2xe* ™5, — 2€°, e+ 6e*+ 14, e 5+ 3, 2x, e"}

1.2.1 Geometrical meaning of Derivative :

Consider a point P on the curve f (x). At x = a, the Y

>
»

coordinates of P are (a, f(a)). Let Q be another point on the
curve, a little to the right of P i.e. to the right of x = a, with

a value increased by a small real number /4. Therefore the
coordinates of Q are ((a + /), f(a + h)). Now we can calculate

the slope of the secant line PQ i.e. slope of the secant line P (af (@)

connecting the points P (a, f(a)) and Q ((a + &), f(a + h)), by
using formula for slope.
Sfla+h)—f(a) 5 " -
a- a+h
a+h—a v
fla+h)-f(a) Fig. 1.2.1

h
Suppose we make 4 smaller and smaller then a + 4 will approach a as £ gets closer to zero, Q will

, Q(a+h,f(ath)

A

Slope of secant PQ =

approach P, that is as & — 0, the secant coverges to the tangent at P.

g_r}}, (Slope of secant PQ) = lim {f(a + hz _f(a)} — ' (a)
So we get, Slope of tangentatP=7"(a) ... [ If limit exists]

Thus the derivative of a function y = f'(x) at any point P (x,, y,) is the slope of the tangent at that
point on the curve. If we consider the point @ — 4 to the left of @, # > 0, then with R = ((a — %), f(a — h))

we will find the slope of PR which will also converge to the slope of tangent at P.

For Example : If y = x? + 3x + 2 then slope of the tangent at (2,3) is given by

dx dx

/
. O@O .
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Slope m = {_y} = [— (x* +3x+ 2)} =(2x+3),,=2(2)+3) m="17
(2,3) (2,3)




1.2.2 Derivatives of Inverse Functions :

We know that if y = f(x) is a one-one and onto function then x = f 7! (y) exists. If £ 7! (y) is
differentiable then we can find its derivative. In this section let us discuss the derivatives of some inverse

functions and the derivatives of inverse trigonometric functions.

x+2
Example 1 : Consider f(x) = 2x — 2 then its inverse is /! (x) = — Let g(x) =/ (%).

d d 1
If we find the derivatives of these functions we see that o [ f(x)]=2and o [g ()] = >
X X

These derivatives are reciprocals of one another.

Example 2 : Consider y=f(x)=x>.Letg=f"".

S g(=x=Ay
1
g'(y)=ﬁalsof’(x)=2x
4a _ S 2x _.. 9 _4
Now [ (f0)] =3 s = = tand g [F ] = 2. e ()] = 0=
At a point (x, x*) on the curve,f’(x)=2xandg’(y)=ﬁ_=2i:f% %
y  2x X

1.2.3 Theorem : Supposey=f(x)1sadifferentiable function ofx on an interval / and y is One-one, onto and

Y s 0on 1. Alsoif f'()is differentiable on /(7 ) then [ £ ! D1 here 2 40
a’x# on /. Also if f7!( y)is differentiable on f(/ ) then 0 [f (y)]—m or dy—?w ere dxi .
Proof : Given that y = f(x) and x = f ! (y) are differentiable functions.

Let there be a small increment in the value of x say o0x then correspondingly there will be an

increment in the value of y say dy. As ox and dy are increments, ox # 0 and dy # 0.

ox Oy

We have, —x—=1
oy  Ox
ox 1 )
—:S—,Where—y;tO
o ox

Taking the limit as 6x — 0, we get,

as ox — 0,0y — 0,

gin%@—xJ _ ﬁ ..... M
-0 &y ) lim([ &

dx—0\ dx

Since y = f(x) is a differentiable function of x.

. .




we have, lim(g—yj = & and d_y 0 ... (1)

a0 dx ) dx dx
From (I) and (II), we get
. [ij (110)
lim| — |=—-
dy—0 6y e
d L (Ox)  d
As Y 0, S exists and is finite. .. %1m0 (—) = & exists and is finite.
dx 2 7E\8y ) dy
d d
Hence, from (III) oo diwhere D20
dy dx

An alternative proof using derivatives of composite functions rule.
We know that /' [ f(x)] = x [Identity function]
Taking derivative on bothe sides we get,
d 1 d
—rrel=—o
. / d
ie. (/) /@I [/@)] =1
ie. (/) /@1 (@)=1
, 1
= ... @
() e
So, if y = f(x) is a differentiable function of x and x = /' () exists and is differentiable then
' ’ dx d
U @=0) ()=""andf (="
dy dx
(I) becomes

é=dl—ywhered—y¢0
dy % dx

@) SOLVED EXAMPLES |

Ex.1: Find the derivative of the function y = f (x) using the derivative of the inverse function

x= f7'(y) in the following

(i) y=3ix+4 (i1) y:1/1+\/; (i) y=Inx
Solution :
(i) y=3ix+4

We first find the inverse of the function y = f'(x), i.e. x in term of y.

V=xt+t4 . x=y"—4. . x=f"(y=)—-4
dy 1 1 1

a5 A(-4) W

- for x # —4
3x+4) 3Y(x+4) o




(i) y=+1+x

We first find the inverse of the function y = f'(x), i.e. x in term of y.
Y=l+yxieJx=y—1, x=f"()=(7-1)
dy L _ 1 B 1
a5 Gl 207 -DEe -
1 1

207 4\/1+\/§[(\/1+\/§)2 —1}

) 1 _
IV TN TN S N

(ii1) y =log x
We first find the inverse of the function y = f'(x), i.e. x in term of y.

y=logx ..x=f"1(y)=¢"
d 1 1 1 1 1

 dx T d Inx
ax a0y y X
dx v dy (e) ¢ ¢

Ex.2: Find the derivative of the inverse of | Ex.3: Letfand g be the inverse functions of
function y = 2x* — 6x and calculate its each other. The following table lists a
value at x = —2. few values of f, g and 1’

Solution :  Given : y=2x>— 6x X fx) | gx) | f'x)

Diff. w. 2 1. x we get, 1
d —4 2 1 =
& e 6=6(1) 3
dx
e 1 1 —4 -2 4
we hav =
’ % find g' (—4).
dx 1 Solution : In order to find g’ (—4), we should first
E 6 (2—1) find an expression for g’ (x) for any input
atx=—2, x. Since f'and g are inverses we can use
we get, y = 2(-2)* — 6(-2) the following identify which holds for
——16+12=—4 any two diffetentiable inverse functions.
1
dx 1 g (x)=— ... [check, how?]
dy | . [# S gl
y=-4 H2 .. [Hint : f[g(x)] = x]
-1 1
- 6((—2)2—1 g'(—4) = S
(2=1) FTe ]
_ L 1o
18 T N 4
AORE

. .



Ex.4: Letf(x)=x+2x—3. Find (f) (-3).
Solution :  Given : f(x) =x>+2x —3

Diff. w. 2 . x we get,

f'(x)=5x*+2
Note that y = —3 corresponds to x= 0.
(/)3 =
7(0)
I
T50)+2 2

1.2.4 Derivatives of Standard Inverse trigononmetric Functions :

We observe that inverse trigonometric functions are multi-valued functions and because of this,
their derivatives depend on which branch of the function we are dealing with. We are not restricted to
use these branches all the time. While solving the problems it is customary to select the branch of the
inverse trigonometric function which is applicable to the kind of problem we are solving. We have to

pay more attention towards the domain and range.

. T T dy 1
. Ify=sin'x,—1<x<1,——<y<— then prove that — = , x| < 1.
2 2 dx 1 —x?
. . T T
Proof : G1venthaty=sm*1x,—1SxSl,—ESySE
X=siny (D
Differentiate w. 7. £. y
de d .
—x:—(smy)
dy dy
d. ;
d—x:cosy:i‘\lcoszy:i\/1—s1n2y
'y
d. :
I oo [osiny =x]
dy
T T
But cos y is positive since y lies in 1* or 4™ quadrant as—ES ySE
d.
_x: 1—x2
dy
Wehave—y=%
dx o
Ly
d 1
2 <1
dx N1 —x? J
1
2. Ify=cos’1x,—1§x§1,0§y§nthenprovethat—y=— S
dx V1 — X2

[As home work for students to prove.]

/
. O@O .
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. dy 1
3. Ify=cot'x,xeR,0<y<mthen—=- .
dx 1 +x2
Proof : Giventhaty=cot'x,x e R,0<y<m
x=coty (D)

Differentiate w. 7. ¢. y

de d

—=—(coty)

dy dy

dx

—=—cosec’y=—(1+cot’y)

dy

d

d—x——(1+x2) oo [ coty=x]
d

Wehave:—y:dL
dx d—;

dy 1 dy 1

dc —(1+x%) dx 1+ x2

B T T dy
Ify=tanlx,xeR,—E<y<—then—

4.
dx

1 +x?

. [left as home work for students to prove.]

T dy 1
5. Ify=sec'x,suchthat|x|>1and0<y<m,y#—then —= if x>1
4 d 4 4 2 dx  x\x*—1
d 1
Yo if x<-1
dx x\x*—1
T
Proof: Giventhaty=sec'x, |x|>1land0<y<m, y# 5 AY
X =secy (D T
Differentiate w. . t. y \J
de d, | et T e
o —(secy) I
dy dy ?
dx X'« : . > X
——=secytany -0 !
dy
dx _I]
- =+ secy \tan’y 2
)y vY'
:isecy-\/m y=sec!x
d. Fig. 1.2.2
N e [ secy=x] i
dy
We use the sign + because for y in 1st and 2nd quadrant. sec y - tan y > 0.
Hence we choose x Vx>~ 1 ifx>1and —xVx>—1ifx<—1
In 1** quadrant both sec y and tan y are positive.
In 2" quadrant both sec y and tan y are negative.
sec y - tan y is positive in both first and second quadrant.
o o




Also, forx>0,xx>*—1>0
and forx<0,—x\x*—1>0

d .
d—xzx\/xz—l, whenx >0, [x[>1 ie.x>1
Y

=—xVx*—1, whenx <0, x[>1 iex<-1
d 1
Y= ifx>1
dx  x\Nx*—1
d 1
dx xVx*—1

Note 1 : A function is increasing if its derivative is positive and is decreasing if its derivative is

negative.

Note 2 : The derivative of sec™! x is always positive because the graph of sec™ x is always increasing.

T T dy 1 )
6. Ify=-—cosecx,suchthat|x|>1land——<y<— y#0then —=——\ if x>1
2 2 dx x\Vx—1
d 1
& if x<-1
dx  x\x*—1

[ Left as home work for students to prove ]

Note 3 : The derivative of cosec™! x is always negative because the graph of cosec ! x is always

decreasing.

1.2.5 Derivatives of Standard Inverse trigonometric Functions :

dy dy
y I Conditions y I Conditions
1 -1<x<1
in ! 1 x| > 1
R P A . L st | P
272 sec Tx |xVvx*—1 0<y<nm
1 n
1 -1<x<1 — forx <—1 +—
-1 -, x| <1 -7 T— y
COS X \/lsz || OSySTC x\/ﬁ 2
1 xeR
tan ' x - x| >1
1+x — << = for x> 1
5 3 cosec x| xVx?—1 —ggygg
_ ! x€R forx<-1
cot 'x 1+ 2 0<y<m et =l y#0
Table 1.2.1

= =



1.2.6 Derivatives of Standard Inverse trigonometric Composite Functions :

y o Y e
In dx
f(x) S ()
- — L fI<1 t [ ()] R —
sin /) | s ot 1+ [/ ]
: )
/@) . , for [ f(x)[ > 1
-1 — ., |f)<1 sec ! [/ ()] 2
cos ' [ f(%)] N SENLf)I -1
; S )
1) L - , for | f(x)] > 1
] L+ [/ @F o U@ o or

Table 1.2.2

Some Important Formulae for Inverse Trigonometric Functions :

(1) sin! (sin ©) = 0, sin(sin! x) =x

(2) cos! (cos 0) =0, cos(cos ' x) =x

(3) tan! (tan 6) = 0, tan(tan ' x) = x

(4) cot! (cot ©) =0, cot(cot ' x) =x

(5) sec™! (sec 0) =0, sec(sec! x) =x

(6) cosec™! (cosec 0) = 0, cosec(cosec™! x) =x

(7) sin”! (cos 0) =sin™! {sin (g - j }: g -0 (8) cos™! (sin 0) = cos™! {cos (g - 6) }: g -0
(9) tan"! (cot 0) =tan! {tan (E - 9] }= T 0 (10) cot™! (tan 6) = cot™ [cot (E - 9) }: T 0
2 2 2 2
(11) sec™! (cosec 0) = sec™! [sec (E - 9) }z T 0
2 2
(12) cosec™! (sec 0) = cosec™! {cosec (g - Oj }: g -0

(13) sin™! (x) = cosec™! (lJ
X

1

(14) cosec™! (x) =sin™! (
X

)

(15) cos™! (x) = sec™! (lj
X

)

(16) sec! (x) =cos™! (

1

X

x
1

)

(17) tan™! (x) = cot™! (

(18) cot™! (x) =tan! (—]
X

(19)sin”! x + cos ™' x = (20) tan"' x + co

T
2

Xty

(22) tan' x + tan"! y = tan™! (

)

1 —xy

T T
tlx=— (21)sec'x +cosec ' x=—
2 2
y—
(23)tan' x —tan' y =tan™! ( 4 j
1 +xy

In above tables, x is a real variable with restrictions.

4

Table 1.2.3




Some Important Substitutions :

Expression Substitutions Expression Substitutions
1—x? x =sin 0 or x = cos 0 lixz Y=tan O
X
l—x x=tan 0 orx =cot 0 2
x = sec 0 or x = cosec 0 1+ 2 x=tan0
a+x 3x—4x*or 1 — 2x? x=sin 0
x=acos20orx=acos0 3 >
a+x 4x°—3xor 2x*— 1 x=cos 0
T+x 3x —x°
/ \/1 x = cos 20 or x = cos 0 1= 3.2 x=tan 0
+x
— — 2@ Tuer |
2=acos 20 or x> =a cos 0 e X) = tan
J J e | e L+[f@F 1+
Table 1.2.4

@) SOLVED EXAMPLES )

. . . T
Ex. 1: Using derivative prove that sin"' x + cos ' x = —

Solution :  Let f(x)=sin"x+cos'x ..... )
T
We have to prove that f (x) = 5

Differentiate (I) w. . t. x

di;c[f(x)] = di;[sin1 X+ cos ! x]
1

1
'(x) = - =0
IO == e

f'(x) =0 = f(x) is a constant function.

Let f(x)=c. For any value of x, f'(x) must be ¢ only. So conveniently we can choose x =0,
from (I) we get,

F(0)=sin ! (0)+cos! (0)=0+—="me=l 1 fo==
2 2 2 2
Hence, sin”! x + cos™! x = 5
Ex. 2 : Differentiate the following w. 7. ¢. x.

(i) sin () (i) cos™ (2¥>— x) (iii) sin (29

(iv) cot™ (izj (v) cos™ ( ! ;—x] (vi) sin®(sin™ (x?))
x \
Sve
L L 4
N




Solution :
(1) Lety=sin!(x%)
Differentiate w. r. t. x.

dy d,. .
— =_—(sin"'(x
dx dx( ( ))
1 d
= (x3)
1[1 _ (x3)2 dx
1
= (3x?)
1 —x°
dy 3x?
dx 1 —x°

(ii1) Let y =sin™'(2%)

Differentiate w. r. t. x.

dy d,. |
— = (s (2"
dx dx( ( ))
: ‘ (29
N1-y
1
= (2*log 2)
1 —2%
dy 2'log2
dx N1 -4

1
(iv) Lety =cot™ (?j =tan"' (x?)

Differentiate w. r. . x.

dy d
— = (tan' (x?
. dx( (%))
1 d
- )

1+(x2)2 dx
dy 2x
dv 1 +x*

(vi) Let y = sin?(sin™' (x?))

= [sin (sin™! (xz)]2 = (xz)2

y=x*
Differentiate w. r. . x.
d
d_y = i (x*) Y _ 4x3
dx  dx dx
L

(i) Lety=cos'(2x*—x)
Hence cos y =2x*—x .

Differentiate w. r. t. x.
dy

- siny~£:4x— 1
1 —4x

V1 —cos?y

= = ... from (I)
dx  A1-x22x—1)

dy 1 —4x

dx sin y

Alternate Method :
If y=cos™' (2x*— x)
Differentiate w. r. t. x.
dy d .
— =—(cos ' (2x*—x)
dx dx( ( )
-1 d

=\/1—(2xz—x)2 dx
-1

“(4x—1)

(2x*—x)

V1 -x2(2x—1)
A N1-2 (- 1)

1+
(v) Lety=cos™ [ 5 x]

Differentiate w. r. t. x.

@ :i 00571 1 +x
dx  dx 2

d
2 dx

N V)

1 1 d(lﬂj
= — X X —
1+x 1+x dx 2
Ji-55 25

2

o \2 1 1

T V. aiex 2
dy 1
21—




Ex. 3 : Differentiate the following w. . ¢ x.

1 —
(i) cos'(4cos’x—3cosx) (i) cos ' [sin (49)] (iif) sin™" %
1 —cos 3
(iv) tan™! & (v) cot’! ( COS.X j
Solution : sin 3x I+ sinx

(i) Lety=cos'(4 cos®x— 3 cosx)
=cos ! (cos 3x)
y=3x
Differentiate w. r. ¢. x.

dy d
-3
dx dx( x)

(ii1) Let y = sin™

==

2
P
\ 2
sin(5 ]

' 3

Differentiate w. r. t. x.

=sin!

=sin™!

X

dy d (xj dy 1
dx  dx \2 dx 2
1 + si
(v) Lety=cot! ( cos‘x J —tan! | — o0
1 +sinx COS X

[cos (%) +sin(3)]’

(i) Lety=cos™ [sin (4]

o]

T 4
7
Differentiate w. r. . x.

d
d :1(1—4)6) —0—4log 4
dx  dx\2
dy
— =—4log4
dx 8
1 —
(iv) Lety =tan™' (ﬂj
sin 3x
2 sin?(%)
=tan’!
2 sin (38) cos (3)
3x
=tan’! [tan (—ﬂ
2
B 3x
775

Differentiate w. r. t. x.

dy d (ij
2

dx  dx

[eos (3) + sin(%)]zj (
= tan

cos*(3) — sin’ (3)

tan™! (

cos(3) +sin(3) 1 +tan (%)

=tan’! : =tan’!| —— =~
cos(3) —sin(3) 1 —tan (%)

T X T X

=tan! | tan (—+—j Ly=—4+—
{ 42 42

[cos (3) = sin(3)] [cos(3) + sin(3)]

|

X
J....Divide Numerator & Denominator by cos (5)

Differentiate w. r. t. x.

dy d

dx B dx

0+

5+3)

4




Ex. 4 : Differentiate the following w. 7. . x.

) ] 2cosx+3sinx B
(i) sin! (i1) cos™!

V13

Solution :

(i) Lety=sin"! (

V13

2 3
=sin’! (— cOS X + —— cos xj
V13 V13

2cosx+3 sinxj

2 3
Put — =sin o, — =cos a
V13 V13
) 4 9
Also, s1nza+cos2a:—+§:1

2 2
Andtano=— .. a =tan’! (_J
3 3

y = sin"! (sina cos x+ cos a sin x)
y = sin"! (sinx cos oL+ cosx sin o)

y= sin! [sin(x+ o]

2
y= x+tan! [—j
3

Differentiate w. r. . x.

acosx—bsinx

(ii1) Let y =sin™ (

a .
Put ———=sina, ———=cos a

1’a2+b2 «\’a2+b2

a? b?

(i) Lety=cos™! (

COS X —

j =sin’! [—a
a2 + b2 1’a2 + b2

Also, sin® o + cos®> o =

y = sin"! (sina cos x— cosa sin x)

But sin (o0 — x) = sin at.cos x — cos a sin x

y= sin"! [sin (o — x)]

y= tan’! (%j —X

Differentiate w. r. t. x.

d_y :i tanl(ij—x =O_1
dx  dx b

+
a2+b2 a2+b2

4

3 sin x? + 4 cos x? o acosx—bsinx
(iii) sin!

5

Na* + b?

3 sin x>+ 4 cos xzj
5

3 4
=cos™! (g sin x* + 5 cos xzj

4
Put —=sin o, — =cos a
5 5
. 16
Also, sin> o + cos? oo = — +—=1
25 25

3 3
Andtanoo=— .. oo =tan™' (_)
4 4

y= cos! (sina sin x*+ cos a. cos x?)
y= cos ' (cosx? cos o+ sinx? sin o)

y= cos ! [cos(x*— a)]

3
= x*—tan!'| —
g (4]

Differentiate w. r. . x.

3
@ =i xz—tanl(—j =2x—0
dx  dx 4

ﬂ =2x
dx

b :
———sinx
Na? + b? )

a a
=] Andtana=— .. o =tan’! (—j
b b




Ex. 5 : Differentiate the following w. r. . x.

(i) sin‘l[ > J
1 +x?

(iv) tan™ ( 2¢ j
1-e*

T S R ¥
(vii)tan (/3+xj

Solution :

(i) Let y=sin1( 2 j

1+x2
Put x=tan0 .. O =tan'x
. [ 2tan®
y=sin'| ——
1 +tan’0
y = sin'(sin 20) =260

y= 2tan'x

Differentiate w. r. t. x.

d

9 21 (tan"'x)
dx dx

d 2

dx 1+x?

1
iii) Lety = cosec™
(i) 4 (3x - 4x3J

y =sin"' (3x — 4x%)

Put x=sin0 .. O =sin'x
y=sin""(3 sin O — 4 sin’ 0)
y =sin"! (sin 30) = 30
y=3sin'x

Differentiate w. r. t. x.

1

3x — 4x3
2x — 2*x

vi) cos™!

obeost (222
2x+1

ix) sin™!

w2

(i) Lety=cos™! (2x \/1——x2)
Put x=sin0 .. 6 =sin"'x
y=cos™' (2 sin 0 \/m)
y=cos ' (2sin @ \/M)

(ii) cos'(2x V1—x?)

1 —9x?
(v) cos™! *
1+ 9x?

51— x2— 12xj
13

(iii) cosec™ [

(viii) sin”! (

y=cos (2 sin 0 cos0) = cos™!(sin 20)

y=cos’! {cos (E - ZGH I 20
2 2

AP
=——2sin'x
)

Differentiate w. r. t. x.

dy d(m o
= =—(——2sm 1xJ
dx  dx\2

d 2x1
D_o-
dx V1 —x?
dy o 2
dx 1 —x2
2 X
(iv) Let y=tan1( c j
_eZ,r

Put e'=tan 0 .. 0 =tan' (¢)
[ 2tan®
y=tan'| —
1 +tan’0
y = tan!(tan 20) = 260

y= 2tan' (e
Differentiate w. r. t. x.

dy d . dy d »

= =3 — =2 |tan' (e

0 3dx (sin"'x) e dx[ ( )]

dy 3 dy 2 d (&)= 2¢e"

dx V1 — x2 de 1+ (e")2 dx 1—e*
4

/,
D .
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1 —9x?
(V) Lety=cos‘[ * j

1 + 9x?
= cos™ (ﬂj
1+ (3x)

Put 3x =tan 0 .. 0 = tan"' (3x)
| 1 —tan’0
y=cos!|—— —
1 +tan’0
y= cos '(cos 20) =20
y= 2tan'(3x)

Differentiate w. r. t. x.

dy d

— =2 |tan'(Bx

- =2 [tan" (3]
2

d_y :—zi(?yx)

dx 1+Q3x) dx

d_y B 6

dx 1+ 922

3—x
vii) Let y = tan™'
(vii) Let y ( /3 HJ

1
Putx=3cos20 .. 0= ) cos™ (
— _ 112
e ta| 37300520 J3(1 cos20) | _ | [2sin*0
3+3cos 26 3(1 + cos 20) 2 cos’0

y= tan’! (\/tan2 8) = tan! (tan 0)

0= eos”(5)
=0=—cos!'| —
Y 2 3

Differentiate w. r. . x.

dv 1 d _{xj
— =—-—|cos'| —
dx 2 dx{ :|

1 1
=— — X 2)(_
2 oo 3
3
dy 1
dx 279 — x?

2x + 2*x

L [2 @2 =27 ... [Multiply &
= COS S EE—
Y (2 12 Devide by 27]

2 -1 - @y
y=cos! =cos ' |———
2%+ 1 1+ (2
Put2*=tan 0 .. 6 =tan'(2%)
| 1—tan’6
y=cos'| -
1 +tan’0
y= cos '[cos (m—20)]=n—20
y=n—2tan' (2"

Differentiate w. r. t. x.

2x — 2*x
(vi) Lety=cos™ ( j

} = cos '[— cos 20]

dy d

—~ = |x—2tan ' (¥

dx dx[ ( )]

d 2 d 2-2%log 2
b _go_ 2 d g 22IE2
dx 1+ (29 dx 1 +2%
dy 27log 2

de  1+2%




(viii) Let y = sin”! L

5\1— - 12xj
13

Putx=sin0 .. O =sin"'x
e Sin_l[th— sin?0— 12 sinej _ Sin_l(S\/coszﬁ—IZ sinej _ Sin_l[s cos0—12 sine)

13 13 13

5 12
y=sin'| —cosO ——sin O
13 13

. 12
Put—=smno, — =cosa
13

) 25 144
Also, sin> o +cos’ o = —+ —=1
169 169
5 5
Andtanoo=— .. ao=tan!| —
12 12

y= sin"! (sina cos 06— cosa sin ) = sin”! [sin (a0 — 0)] = (a0 — 0)
y= tan’! (iJ —sin'x
12

Differentiate w. r. t. x.

5 1
d_y = i tan™! (—J —sin'x|=0-—
dx dx 12 1—x2

. . 2x+1 . 22x
(ix) Lety =sin! =sin”' | ——
1+4~ 1+(29

y= sin’ [Ln?@} = sin"'(sin 20) =20 = 2 tan"' (2Y)
I + tan

Differentiate w. 7. t. x.
dy
dx
dy 27 1og 2
dx 1+ 4

2 Loy 2 (2v10g2)

o e 2
dx 1+(2% dx 1 +2*

Ex. 6 : Differentiate the following w. 7. ¢. x.

4x Tx
i) tan™ i1) tan™!
0 [1+21x2j (i1 (1—12x2j
(iif) cot ! bsinx—acosx (iv) tan"" Sx+1
\Y4 -
asinx+ b cosx 3 —x— 6x?

/
. O@O .
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Solution :

4x Tx
i) Lety=tan’! i) Lety=tan™
0 Y (1+21x2) (i) Y (1—12x2j
- 7x — 3x - 3x +4x
=tan’!| —— =tan’!| ——
[1 +(7x) (3x)J (1 —(3x) (4x)j
y=tan!'(7x) — tan"! (3x) y=tan ' (3x) + tan"! (4x)
Differentiate w. r. t. x. Differentiate w. r. t. x.
& _4d [tan™! (7x) — tan"' (3x)] & _d [tan™! (3x) + tan ! (4x)]
dx  dx dx  dx
= i [tan™! (7x)] — i [tan™! (3x)] = i [tan”! (3x)] + i [tan™! (4x)]
dx dx X dx
1 1 1 1
:—2'1(7)6)——2'1(3)6) =—2'i(3x)+—2~i(4x)
1+(7x)" dx 1+@GBx) dx 1+@Bx) dx 1+ (4x)" dx
vy 7T 3 Lod 3 4
de 1+49x 1+9x2 Coodx 1492 1+ 16x2

~( bsinx—acosx ~(asinx+bcosx - p Teotx
(iii) Let y = cot™ : = tan! : =tan'| ————
asinx + b cos x b sin x — a cos x 1 = (%) (cotx)

=tan’! ij + tan! (cot x) = tan™! [i) + tan”!| tan [E — xj
b b 2

y=tan"! a} + = -Xx
b 2

Differentiate w. r. . x.

dy d[ —1[") T }
— =—tan" | —| +t——Xx
dx  dx b 2

=0+0-1
d
Yo
dx
Sx+1 Sx+1 Sx+1
(iv) Lety =tan™ T |~ tan * =tan! x
3—x—6x2 1 +2—x—6x2 1 —(6x>+x—2)

5x+ 1 Sx+1
=tan’! =tan’!
1 —(6x>+4x—3x—2) 1 —[2x(3x +2) — (3x +2)]
Sx+1 Bx+2)+(2x—1)
=tan’! =tan!

1-(Gx+2)2x— 1) - (Gx+2)2x— 1)

. .




y=tan'Gx+2)+tan ' (2x — 1)
Differentiate w. r. t. x.

d_y = i [‘[an’1 (Bx+2)+tan! (2x — 1)]
dx  dx

d - d _

=_ [tan 'Gx + 2)] + [tan '2x— 1)]
dx dx
1 d

1+Bx+2) dx
dy 3 n 2
dx  1+0Gx+2  1+@x-1)

)

d
L
T =1y x>

g

(1)

)

3)

4)
)

N

~
| EXERCISE 1.2)

Find the derivative of the function y = f (x)
using the derivative of the inverse function

x=f"1(y) in the following

() y=+% (i) y=i2- &
(i) y=3x-2 (iv) y=log(2x—1)
v) y=2x+3 (viy y=e—-3
(vii) y =23 (viii) y = log, (ij

2

Find the derivative of the inverse function of
the following

(i) y=x*e (i) y=xcosx
(i) y=x7 (iv) y=x*>+logx
(v) y=uxlogx

Find the derivative of the inverse of the
following functions, and also find their value

at the points indicated against them.

(i) y=x+2x*+3x, atx=1
(i) y=e+3x+2, atx=0
(i) y=3x’+2logx’, atx=1

(iv) y=sin(x—2)+x% atx=2
Iff(x) =x*+x—2, find () (0).

Using derivative prove

. T
(i) tan'x+cot'x= 5

T
(i) sec'x+cosec!'x =5 [for |x|>1]

(6)

(7)

Differentiate the following w. 7. ¢. x.
(i) tan'(logx) (i) cosec!'(e™)
(iii) cot'(x?) (iv) cot ' (4%)

(v) tan'(\x) (vi) sin! ( /1 ;xzj

(vii) cos'(1—x%)  (viii) sin”' (")
(ix) cos’[cos™ (¥*)] (x) sin* [sin”' (\x)]
Differentiate the following w. 7 ¢. x.

(i) cot'[cot (e"z)]

. 5 1
(i1) cosec (cos (5")]

. 1 +cosx
(i11) cos —
(iv) cos 1( /—1 — o8 (xz)j

1 —
(v) tan™! [ fan (3 )j
1 +tan(3)
1

4 cos’2x — 3 cos 2xj

1+ cos(g—‘)j
sin ()

sin 3x
(viii) cot™!| ————
1+ cos 3x

(vi) cosec™ (

(vii) tan”! [




(ix) tan™ (ﬂj

1 +sin 7x

1 +cosx
) ( /—j

1 —cosx
(xi) tan!'(cosec x + cot x)

\/1 + sin (%) +\/1 — sin (%)

(xii) cot™!
\/l + sin (%) —\/1 — sin (%)
(8) Differentiate the following w. . ¢. x.
(4 sinx + 5 cos xj

(i) sin!

(i) [ A3 cos x —sin xj

(iii)

i (3cos3x 4s1n3x]
(iv)

cosx/_+sm\/_)

3 cos (e") + 2 sin (&%)
) j

6 sin (2") — 8 cos (2’“)}
(9) Differentiate the following w. r. ¢. x.

(vi) cosec” (

1—x2 2x
i cos’! i1) tan™
(i (szj (i) (1—xz

1.3.1 Logarithmic Differentiation

(iif) sin‘(l —xzj (iv) sin” (2x VT =)

1+ x2

5 —
(viii) tan | — >
6x>—5x—3

4—x— 22
(ix)cot 1| 1=
3x+2

. e
(v) cos!' (B3x —4x*) (vi) cos™! [ ¢ j
e+te™
1
-9 473
(vii) cos™! (viii) sin" g
1+9 [ +2%
1 — 25x? 1 —x°
ix) sin’! X) sin!
(i) (1+25x2j() (1+x3j
5
2x2 1-
i) tant | 2] (xii) cott [ LW
1 —x° 1 +x
(10) Differentiate the following w. . ¢. x.
X 1 +35x2
i) tan™! i) cot’!
@ (1—15x2) @) 2x j
2 2x+2
(iii)tan™ i (iv) tan”'| ————
1+ 3x 1 —3(4Y
X a2_ 6x2
v) tan'| —— vi) cot™!
® (1 +22"*'j ™) Sax j
(vil) tan1| 470 1A0Y
b—atanx

The complicated functions given by formulas that involve products, quotients and powers can often

be simplified more quickly by taking the natural logarithms on both the sides. This enables us to use

the laws of logarithms to simplify the functions and differentiate easily. Especially when the functions

are of the form y = [ f(x)]¥™ it is recommended to take logarithms on both the sides which simplifies to

log y = g(x). log [ f(x)], now it becomes convenient to find the derivative. This process of finding the

derivative is called logarithmic differentiation.

@ SOLVED EXAMPLES ]

Ex. 1: Differentiate the following w. 7. ¢ x.
(@32 (e 5y
(1) ;
Jex +1)

2 x
e’ (tanx)2

El
(1 +x%)? cos’x

4




3 El 2
(1) (x+1)2 (2x+3)> Bx +4)*forx>0 (iv) x*+x"+a (v) (sin x)fan~— xloex

Solution :
( (e 3 f(e+ ) j
(1) Lety = :
(2x* +1)

Taking log of both the sides we get,

w+3) e+ 5y J - Jerareersy
=log

(2 + 1)’ (2 +1)

log y :log(

2 3

= log [(x“r 3) (3 + 5)3} —log (2x* +1)2
2 3
=log (x*+ 3)* + log (x*+ 5)3} —log (2x* +1)2

2 3
logy =2log (x*+ 3)+§10g (P + 5)—Elog (2x* +1)

Differentiate w. r. t. x.

2 3
i(logy) _ 4 2 log (x¥*+3)+—log (x*+5) — —log (2x*> +1)
dx dx 3 2
1 dy d 2 d 3 d
=Y 2. Mog 2+ 3)] + = log (x*+ 5)] — —— [log (2> + 1
S dx[og(x )] 3a,x[og(x )] 2a,x[og(x )]
2 d(2+3)+ 2 d(3+5) 3 d(z 24 1)
_ L s @ 0
43 de 300 +5) dx 200 + 1) dx
dy B .

=z = 2x) + (3x%) — (4
dx y[x2+3\ *) 3(x3+5) *) 2%+ 1) x)}

dy (@3 J(c+s) [ 4x 20 6x }

J’_ —
dx (2x2 +1) X+1 (P+5 2x%+1

e’ (tan x) 2

(ll) Lety = 3
(1 +x%)? cos’x

Taking log of both the sides we get,
e’ (tanx)3
3

(1 +x%)? (cosx)?

logy =log ( ] =log {e"z (tan x)ﬂ —log [(1 + xz)% (cos x)ﬂ

x 3
=log e + log (tan x)2 — [log (1+x*)?+1log (cosx)ﬂ
3
=x’loget % log (tan x) — 5 log (1 +x%) — 3 log (cosx)

3
logy =x*+ % log (tan x) — 5 log (1 +x%) — 3 log (cosx)

N




Differentiate w. r. t. x.

d 3
—(logy) = i X2+ * log (tan x) — — log (1 +x%) — 3 log (cosx)
dx dx 2

&% = E( x?) + —— [log (tan x)] + log (tan x) — (%J _%di [log (1 +x?)] - 3% [log (cosx)]
=2x + . i (tan x) + log (tan x) — — ;— (1+x»)— 3 ~— (cosx)
2 tanx dx 2 2(1+x?) dx cosx dx
=2x+ i~(cot x) (sec? x) + l log (tan x) — ;'(2x) - i (— sinx)
2 2 2(1 +x%) coS X
X cosx 1 1 3x
=2x+—x—x + — log (tan x) — + 3 tanx
2 sinx cos’x 2 1+x?
dy 1 3x
E—y{h 2sinxcosx+310g(tanx)_1+x2+3tanx}

dy _ e (tan X3

dv (1 erz)2 cos®x

1 3x
{2x + x cosec 2x + — log (tan x) — +3 tanx}
2 + X2

3 El 2
(iii) Lety =(x+ 1)> 2x +3)2 3x +4)3
Taking log of both the sides we get,

3 5 2
logy = log |:(x+ 1)2 (2x+ 3)2 (3x+4)3:|
3 5 2
log y =510g(x+ 1)+310g(2x+3)+§10g(3x+4)

Differentiate w. r. t. x.

©togy) =12 tog (x4 1)+ log (2x + 3) + = log (3x + 4)
— (lo =— | —log (x — log (2x — log (3x
a8 T o8 7 8 3 08

L& 3.4 sS4 2.4
; = "1 & [log (2x+1)]+2 o [log 3x +2)] + T [log Bx +4)]
5 2 A,
) dx( Dt G dx( D ) o Y
dy

5
E:y{2(2x+ 0P 26 P 3619 C )}

—(+1%(2 +3§(3 +4)§ 3 + = + 2
g @@ 3) O 2+1 2Bx+1) 3x+4

(iv) Lety =x*+x"+a*
Here the derivatives of x* and a* can be found directly but we can not find the derivative of x*

without the use of logarithm. So the given function is split in to two functions, find their derivatives
and then add them.

. SO .




Letu =x‘*+a*and v = x*

v =u+v,where u and v are differentiable functions of x.

&y _du o M
dx dx dx
Now, u = x*+ a*
Differentiate w. r. t. x.
du d d
= xa + ax
dx dx ( ) dx ( )
d
R loge ... (1)
dx
And, v = x*
Taking log of both the sides we get,
log v = log x*
logv =xlogx
Differentiate w. r. t. x.
 (togv) = L (x10g )
J— V)= —\X X
dx 8 dx 8
1 dv d d
—— = x—(logx) +logx — (x
v dx dx( g%) & dx( )
d 1
Yooy {xx_Jr logx(l)]
dx X
d
D e[l+logx] ... (111
dx

Substituting (IT) and (IIT) in (I) we get,

d
Y+ a'loga+x' 1+ logx]
dx

(v) Let y = (sin x)an+— xlog~
Let u = (sin x)™~*and v = x'°¢~

v =u—v, where u and v are differentiable functions of x.
dy du dv

dx dx dx
Now, u = (sin x)*"*, taking log of both the sides we get,
log u = log (sin x)®"* log u = tan x log (sin x)

Differentiate w. r. t. x.
d d
— (log u) = — [tan x log (sin x)]
dx dx
1 du

d d
— — =tanx — [log (sin x)] + log (sin x) — (tan x)
u dx dx dx

d . :
———(sin x) + log (sin x)-(sec?)
sin x dx

= tan x-

/,
. OG0
AN



du

— =u|tan x——(cos x) + sec? x-log (sin x)
dx sin x
du . .
e = (sin x)™~* [tan x-cot x + sec? x-log (sin x)]
X
du ) .
— =(sinx)™*[1 +sec’x-log (sinx)] ..... (II)
dx
And, y = xlog ¥

Taking log on both the sides we get,
log v = log (x'°¥)
log v = log xlog x = (log x)?

Differentiate w. r. t. x.

d d )
—(log V) =~ [(log x)

1 dv d

——=21logx—(logx

v dx & dx ( & )

21 Dxlogx |
D, 2logx) 2Flogx (11D)
dx X X
Substituting (II) and (I1I) in (I) we get,

d 2 logxl
Y (sin x)®~[1 + sec? x*log (sin x)] — S oex
dx ¥

1.3.2 Implicit Functions

Functions can be represented in a variety of ways. Most of the functions we have dealt with so far
have been described by an equation of the form y = f'(x) that expresses y solely in terms of the variable
x. It is not always possible to solve for one variable explicitly in terms of another. Those cases where it
is possible to solve for one variable in terms of another to obtain y = f(x) or x = g (y) are said to be in

explicit form.

If an equation in x and y is given but x is not an explicit function of y and y is not an explicit function

of x then either of the variables is an Implicit function of the other.

1.3.3 Derivatives of Implicit Functions
1. Differentiate both sides of the equation with respect to x (independent variable), treating y as a

differentiable function of x.

d d
2. Collect the terms containing d_y on one side of the equation and solve for d_y
X X

. .



@) SOLVED EXAMPLES J

Ex.1: Find d_y if
dx

O ey (ii) )’ +cos (xy) =x* —sin (x +y)
(iii) x* + e =) + log (x + )

Solution :

(1) Given that : x5 + xy3 + x2y +y4: 4

Differentiate w. 7. t. x.
< (x%) + < () + < (%) + < (¥)= 4 4)
dx dx dx dx dx
Seiex L )+ < (x) el ) +yi )+ 4y3i (»)=0
dx dx dx dx dx
5x*+x (3)%) @ +33 (1) + xz@ +y(2x)+ 4y3@ =0
dx dx dx

dy
— 44y = =—5x*=2xy —)?
dx dx ydx Y

d
(2 + 3xy? + 497) d—y == (5x* + 2xp +7)
X

dy S5x*+2xy +y7?

de XT3 +4

(i) Given that : y* + cos (xy) = x* — sin (x + )

Differentiate w. r. t. x.

d . d o d
E(y) E[cos(xy)]—a(x) E[Sm(x »)]

d d d
3y — (y) = sin (xy) — (xy) = 2x —cos (x +y) — (x + )
dx dx dx

2

dy
3 1+—=
Y dx

ly . dy
— —sin (xy) |x—+p(1)| =2x —cos (x +y)
dx dx

2

ly dy . o B dy
3y? — —xsin (xy) — — y sin (xy) = 2x —cos (x + ) — cos (x +y) —
dx dx dx

O dy dy : B
3y — —x sin (xy) — + cos (x + y) — = 2x + y sin (xy) — cos (x + )
dx dx dx

d
[3) — x sin (xy) + cos (x + »)] d_y =2x +y sin (xy) — cos (x +y)
X

dy 2x+ty sin (xy) —cos (x + )

dx 3y —xsin (xy) + cos (x + )

/,
. OG0
AN



(iii)

Ex.2:

Given that : x* + e¥ =y*+ log (x + )

d d
Recall that =8 (f(x))= g (f®)) —f(x)
x dx

Differentiate w. r. t. x.

d(2)+d[y] d(yz)+d[1 (x+ )]
—(x — eV |=— — |log (x

dx dx dx dx 5 ’

d dy
x+eV—(xy)=2y —+
dx dx x+ydx

2x +ev

dy dy
4+ =2y =+
e )] v

dy dy
2x +xeV —+yeV =2y —+
dx dx x+y x+y dx

2x +ye™ —

2x + ye — = [2y—xexy+

x+ty 5
2y (x+y)—xe¥ (x+y)+1]dy
x+y dx

xty
2x(xty)tye”(x+y)—1

Xty -
dy  2x(x+y)+ye” (x+y)—1

Cdx 2y(xt+y)—xe¥(x+y) +1

dy 'y

Find x™y" = (x + y)"*", then prove that — = —

dx x

Solution : Given that : x"-y" = (x + y)"*"

Taking log on both the sides, we get

log [x"y"] = log [(x +y)"""]

mlogx +nlogy=(m+n)log(x+y)

Differentiate w. r. ¢. x.
d d d

m — (log x) + n— (log y) = (m + n)— [log (x + y)]
dx dx dx

ndy mtn d

_ . — (x+
b xty (x+y)
d +
A 1+d—y
x+y dx

Y
n
; dx

n dy m+n+m+n.dy
; dx_x+y x+y dx
dy m+n_dy m+n m

x x+y dx_x+y X

m
x
m
x
m
x
n
y




‘n m-+n

LY
(nx+y)—(m+n)y

dy _m+tn_m

x+y dx x+ty x

dy [(m+n)x—m(x+y)
y(x+y) }5_[ X (x+y)

dx X

'nx+ny—my—ny} dy_mx+nx—mx—my

y

x — my] dy nx—my

Ly dx b
_r
dx x
xm i Jn d
Ex.3: Ifsin A 7, then show that Y Z, where 7 is a constant.
px"+qy" dx x
xm _— 1
Solution : Given that : sin [Mj =r
px" +qy”
px" = gy” i
————=sin"'r
px" gy
xm —_ 1
u:t ...... [Lett=sin"'r]
px" T qy”
px" = qy"=pix" + qty”
px" = pix"=qy" + qiy”
p=—nx"=q(l+10))y"
iz P a-0).,
g1+
yi=sx" o Lets = (
Differentiate w. r. t. x
a (») a (x™)
—(V")=85— (X"
dx Y dx
mym -1 @ = s-mx™" -1
dx
dy xmfl B
=g x"
dx ymfl
d m xm*l
@Yt [ From (D)]
dx xm ymfl
v_Y
dx x




X
Ex.4: Ifsec’! L .

? dy x*tan’a ,
S| = 2a , then show that — = — where a is a constant.

X =y dx y
3 3
Solution :  Given that : sec ! - |=2a ..... [We will not eliminate a, as answer contains a |
X7y
x3 — 1,3
cos™! Y |- 2a
x3 +y3
x3 — 1,3
=cos 2a
x3 +y3

x*—y*=x*cos 2a + y*cos 2a
x* —x’cos 2a=y*cos 2a + )*

x* (1 —cos 2a)=y*(1 + cos 2a)
1 —cos2a

)= P
1+ cos 2a

\ 2 sina X
= X
Y 2 cos’a

Yy =(fan’a)x* ... €))

Differentiate w. r. 1. x
d d
— (%) = (tan? 3
dx(y) (tan’ @) dx(x)

d
3y2d—y = (tan® a) 3x?
X

dy x’tan’a

2

dx y

d sec? x
Ex.5: Ify:\/tanx+\/tanx+w/tanx+...oo,thenshowthat—y:—.

dx 2y—1

Solution :  Given that: y = \/ tan x + \/tanx +4tanx+..00 L. D

Squaring both sides, we get

y:

<
I

2 =

tanx+\/tanx+\/tanx+...oo,which 1S same as
tanx+\/tanx+\/tanx+x/tanx+...oo

tanx+y ... [ From (1) ]

Differentiate w. r. t. x

d

09 =L (tanx)+ 2
— =—(tanx) + —
dx Y dx dx




dy dy
2y ———=sec’x
dx dx

d
2y—1) . sec?x
dx

dy  sec’x
dx 2y-1

dx

d
Ex.6: If \/1—x2+\/l—y2=a(x—y),thenshowthat—y=

2

-y
dx 1—x

Solution :
Putx =sin a, y =sin
oa=sin"'x,B=siny

Equation (I) becomes,

\/l—sin2a+\/1—sinZB:

Giventhat:\/1—x2+\/1—y2=a(x—y)

a(sin o, — sin B)

cos o+ cos B =a (sin o — sin B)

o+
2cos[
2

(0, -
oS
2

o-p

oS
2

=cot'a

sin!x—sin'y=2cot!a

Differentiate w. r. t. x

Bj=2acos(a+
2
B] . (ws
=g sin
2

el

ol

a—pB=2cotla

. (sin”! x) — e (sin”' y) = . (2 cot™! a)

1 1 dy
\V1-x \/1—y2 dx
dy [1-)
de \V1-x

=0

(

(1) Differentiate the following w. r. t. x
: (x+1)°
(@) : :
x+2yY(x+3)

- j 4x — 1
@)
(2x + 3) (5 — 2x)

(ifi) (3 + 3)2-sin’ 2x-27

\
LEXERCISE 1.3 )

(> + 2x + 2)%

(iv)
(\/x +3)*(cos x)*

x>-tan® 4x N
V) — (vi) x
sin® 3x

(vil) (sin x)*

(viii) sin x*

4

g




)

3)

4)

Differentiate the following w. 7. ¢. x.

(i) x*+x*+e't+es (i) x7 +e"

(111) (log x)* — (cos x)t~

(iv) x¢ + (logx)s™* (v) €™~ + (log x)=*
(vi) (sin x)®* + (cos x)=t~

(vii) 10" + x*"+ x'0*

T
(viii) [(tan x)@*] """ at x = 7

Find Q if
dx

) x+\y=+a
(i) x+xy+y=1
(iv) ¥+ x2y+x* +)* =81

(v) X2y —tan' X2 + )2 = cot ' \x2 + )2
(vi) xe?+ye =1

(ii) x\x + Ny = ava

(vil) e*™?=cos (x —y)
(viii) cos () =x+y (ix)e” =2
(x) x+sin(x+y)=y—cos(x—y)

d
Show that & = Y in the following,

dx x
where a and p are constants.

(i) X'y =@+y)?

(i) x?y* =(x+y)’**, peN

xS + S5
(ii1) sec( ys j =a’

X—y
3x*—4y?
; -1 — 2
(iv) tan (3x2 n 4y2j a
; Tx*+ 5y .
(v) cos!'|=————|=tan'a
Txt— 5y

20— 320
(vi) log (x20+ yzoj =20

(vil) e V=a

x3 — y3
(viii) sin e a

‘

(5) (@)

If log (x +y) = log (xy) + p, where p is

d 2
constant then prove that & y_
dx x>

x3 _y3
(i) Iflog, [x3 +y3j =2,

d 99x?
show that—y:— x .
dx 101y?
xt
(iii) Iflog, oy =2,
d 12x3
show that—y:— * .
dx 13y°

(iv) Ife* + e’=e*"”, then

d
show that A e’ -,

dx
xS_ 5
(v) Ifsin’ ( ; Y j =£,
X+y) 6
4
show that 9 x_
dx 3
(vi) Ifx’ =e*77, then
dy log x

show that —=— =~ |
dx (1+logx)?

(vii) Ify=\/cosx+\/cosx+\/cosx+...oo,

sin x

then show that Q = .
dx 1-2y

(viii) If y = J log x + \/log x++Togx +...,

d 1
then show that Y _
dx  x(2y—1)
(ix) Ify=x" ,then

2

show that d_y = y—‘
dx x(1- logy)

(x) Ife’=y"~, then

d log y)?
show that Y ﬂ

dx logy—l'




1.4.1 Derivatives of Parametric Functions
Consider the equations x = f(¢), y= g (¢). These equations may imply a functional relation between
the variables x and y. Given the value of 7 in some domain [a, b], we can find x and y.

For example x = a cos ¢ and y = a sin ¢. The functional relation between these two functions is that,
X +y*=a*cos’ t + a’ sin’ t = @* (cos® t + sin® ¢ ) = a® represents the equation of a circle of radius a with
center at the origin. And the domain of ¢ is [0, 2rt]. We can find x and y for any ¢ € [0, 27].

If two variables x and y are defined separately as functions by an inter mediating varibale 7, then that

inter mediating variable is known as parameter. Let us discuss the derivatives of parametric functions.

1.4.2 Theorem : If x = f(¢) and y = g (¢) are differentiable functions of ¢ so that y is a differentiable

d dy ¥
function of x and if @ # 0 then @ %.
dt dx 7);

Proof : Given that x =f(¢) and y = g (¢).
Let there be a small increment in the value of # say 67 then dx and oy are the corresponding increments
in x and y respectively.
As 8¢, ox, dy are small increments in ¢, x and y respectively such that 6z # 0 and 6x # 0.

. ) )
Consider, the incrementary ratio S_y , and note that 6x - 0 = ot —> 0.

Sy X
. 8)/ N . X
Le. —=-—5- , since — # 0
ox 5 ot

Taking the limit as 8¢ — 0 on both sides we get,

)
lim (S_y) _lim (Sij
X—> Sx 5t—0 =

Asdt—>0,0x >0

T lim (S_y]
lim ( yj 30\ 81 )
x—0| < | li ST e

ox 5}210(5]

Since x and y are differentiable function of ¢. we have,
lim (ﬁ} = ﬂ and lim (6—);) = @ exist and are finite ..... (I1)
5t—0 St dt 8t—0 St dt
From (I) and (II), we get

_ di

lim (gj =5 (T11)

di
The R.H.S. of (III) exists and is finite, implies L.H.S.of (III) also exist and finite
lim (S_y) _Y
dx—0 ox dx
Thus the equation (I1I) becomes,

dy ¥ d
Y % where @ #0
dx 7 dt




@) SOLVED EXAMPLES J

Ex.1: Findﬂ if
dx

(1) x=at*, y=2at?

(ii1) x = cos (log t), y =log (cos t)
(v) x=~N1-¢, y=sin'¢

Solution :

G)) x=t—-Vt,y=t+Nr

(iv) x=a(0+sin0),y=a (1 —cos 0)

(i) Given, y =2at> (i) Given,y=t+r
Differentiate w. r. z. t Differentiate w. r. t. t
d d d 1
—y:2a—(12)=2a(21):4at ..... D ﬂ:—(t+\/7):1+—
dt dt dt dt 24t
And, x = at* dy 2\ t+1
Differentiate w. r. ¢. ¢ dr - N (D
d d
o a Ly =a@r)=4ar. ... ) And,x=1-t
dt dt o Differentiate w. r. ¢. ¢
dy = Adat d d 1
Now, —=-9 = ...[From (I) and (II)] Ny =1-
dx g 4ar a a 27
dy 1 dx 24t—1
Y_Z e _We Lo (1)
dx 1 dt 24t
2\/t—+1
d 2
Now, P % _ ...[From (I) and (II)]
dx 7 24/t -1
g
dy 2t+1
dx 24[t—1
(i11) Given, y =log (cos t)
Differentiate w. r. t. t
dy d 1 d 1 . dy
— =—7/log(cost)]=———(cost)=——(—sin ¢ L —=—tant = ..... I
dt dt[ el )l cott dt( ) cott( ) dt @
And, x = cos (log ¢)
Differentiate w. r. ¢. ¢
dx d . d sin (log ¢) dx sin (log ¢)
—= —/[cos(logt)]=—sin(logt)— (logt)=——— S—=m— ... II
—= - [cos (log 1)] =~ sin (log 1) (log 1) =~ —— = t (1
Now, Yo g _ WL o Dand(
ow, E—g—m...[ rom (I) and (I1)]
- t
dy _ t-tant
dx sin (logt)
o S



(iv) Given, y=a (1 —cos 0)

Differentiate w. r. t. 0

dy i _ _ (=
d_e_adG[(l cos0)] =a [0 — (= sin 0)]

dy

—=qgsmn0 ... D

dt
And, x =a (0 + sin 0)

Differentiate w. r. t. 0

dx d .
—=a—(0+sinO)=a(1+cos 0O
dt  do

dx

—=a(l+cos® ... (I1)
dt
dy .
dy = 0
Now, =i T [from (1) and
dx %% a(l+cos6)
dt (ID)]

dy 2sin(3) - cos(3) 0
—= =tan (—j
dx 2 cos’(9)

Cody T 1
Ex.2: Flndd—lf(l)x:secze,y:tan39,at6:?(11) x:t+?y=

X

v)

Now,

Given, y =sin' ¢
Differentiate w. r. t. ¢
dy

—=—((sin'¢t)=

dt dt 1 -
dy 1

dt N1-7
And,x=V1-¢

Differentiate w. r. t. ¢

&_ TR
dt dt

1 d
=17
21 -2 dl( )

1t 1l
a0 =g ™
1

o U VF
Z_dt _ 7 ...[From (I) and (II)]

d_@__ 2
o dt V-7
dy 1

1

. . T
(ili)x =3 cost — 2 cos’t, y = 3 sint — 2 sin’¢, att=g

Solution :

(i) Given,y=tan’0

Differentiate w. r. t. O

dy d d
Y % (tan 0)* = 3 tan? 6 — (tan 6)
do dob do

And, x = sec’* 0

Differentiate w. . t. 0

dx d d
B2 (sec?0) =2 sec 0 - — (sec 0)
do do do

d—2:2se09'sec@tan@zZsecZG‘tanG

ﬁ_ Z—g B 3 tan’ 0 - sec’ O

Now, ==
dx 5 2sec’0 - tan O
dy 3
4 =—tan O
dx

T
At 6=—, we get

(ﬂj ej%: i tan (;) _ ﬂ

dx 2 2

‘

s

3 tan’6 - sec* 0

... [From (I) and (II)]




(i) Given,y= =

Differentiate w. r. t. ¢

dy_ d(lj
dar dt\ep

E = ? ..... (I)
1

And, xX=t+ 7

Differentiate w. r. t. ¢

dx d 1 1

___p J:Lu_

dt dt t I

dx £—-1

E = - tz ..... (II)

dy Y -
Y_ i __ " [From(I)and (I)]

A ((A-1)

1
At t=—, we get
5 g

o2
T

(iii) Given, y =3 sin¢— 2 sin’¢

Differentiate w. r. t. ¢

dy d
—y:—(3sint—25in3t)
dt dt
36ll(' t)—2(sinz)’
=3 —(sint) — 2 (sin
dt
L,od

=3 cost—2(3) smztE (sint)

=3 cost— 6 sin’z(cost)

=3 cost(1 —2sin’?)
d
3 costcos2t ... 1))
dt

And, x =3 cost— 2 cos’t

Differentiate w. r. t. ¢

de d
_x:_(3 cost—2 cos’t)
dt dt

3 d (cost)—2 d (cos®?)
=3 —(COST7) — 2—(COS
dt dt

d
=3(—sint) — 2 (3) cosztE (cost)

=—3sint— 6 cos’t (— sin¥)
=6 cos’tsint — 3 sint

=3sint(2cos*t— 1)

dx .
— =3 sintcos 2t

..... 11
y (I1)
dy % 3 cos ¢ cos 2¢
Now, —=—=—7"—"—"— ..... [From (I)
dx T 3 sin ¢ cos 2¢
and (I1)]
_y =—cot?t
dx




Ex.3:

Solution :

1
Given that, x*+y*=£+— ... (D)

And
Squaring both sides,

(2+y7) = (z + %jz

1
x4+2x2y2+y4:t2+2+_2

Ifx*+)y*=t+

d
show that x*y Yo

1 1
7andx“+y4 = tz+?, then

dx

t2

1
xz—l—yz:t—i—?

r

1 1
Ex.4: Ifx=a (t_TJ and y=» (z‘+ 7),
2

b
then show that Q = o .
dx a%

Solution :

1 1
Given that, x=a (z‘— TJ and y=»> (t+ 7)

X 1
te.—=t——...(I)and E =t+—... (D)

Square of (I) — Square of (II) gives,

Xt )P 1\ 1\
T === = t+=
5 (7))

X+ 2xH2+yt=x"+y*+2 .. [From(I)] £ £
2:32=2 . =1 ... Y o__,
a @
Differentiate w. r. t. x
d, ., _d Differentiate w. r. t. x
a7 @ =L
—  — X _— — =
xzd(z)+ 2i(x2)_0 a* dx b* dx 4
w " L@ 4o
2 ——(2y) —=
X (Zy) + ¥ (2x)=0 a’ b? dx
1 1 dy
232 —(2x) ——(2y) ==
2xyﬂz—2xy b__ xi} az(x) bz(y) dx
dx dx x Y 2y dyv 2x dy bx
—_ = :> =
dy X (— ):—zj b* dx & dx a%y
—=- ... [ From (II)] )
dx xzy @:bTx
dy 1 dy dx ay
—=— . Xy—==1
dx x% dx
. -1 -1 d
Ex.5: Ifx=Va* “and y=Na* ’, then show tha d—:—Z
X X
Solution :  Given that, x=7Va"™ “and y=Va® '
ie.x=Va' . (I)and y=Na= .0
Differentiate (I) w. r. ¢. ¢
d d I 1 d o =1
_x:—(\'asm f] — ._(asm t)
e dt N di
L d
- loga (sin')
asm
5
N



asinflt . log a 1

de _da© tloga_ YOBT (... Erom )
E p— 2 1 _xz -_ 2’\/@ e . DY

Now y = Vgeos 't

Differentiate (II) w. . z. ¢

d ( —- R B
d_y:_[ acos tj: ._(acos t)
dt dt 24 [acosflt dt

L log a -t (cos 1)
-a* '-log a — (cos”
S

2Na=
_a“’sl’ -loga 1
- =)
Q - W. log a =— % (Iv) [From (II)]
" N —0 ce

yloga
dy [2} N -x?
Now, T S Sl [From (I1T) and (IV)]
E N
y_y
dx X

1.4.3 Differentiation of one function with respect to another function :

. : L : )
If y is differentiable function of x, then the derivative of y with respect to x is d_y
X

d d

Similarly, if « = f(x), v = g (x) differentiable function of x, such that d_” — £ (x) and d_v - ¢’ (%)
X X

T Sw

u
then the derivative of u with respect to v is — = —

e
@) SOLVED EXAMPLES ]

Ex. 1: Find the derivative of 7* w. r. 1. X'.

du
Solution : Let : u = 7 and v = x’, then we have to find —.

dv
du ™ And, v= X’
— =% . . .
dv Y Differentiate w. 7. t. x
dx
dv d
Now, u =7~ — =— () ="Tx$ ... (1)
. . dx  dx
Differentiate w. r. . x o .
du d Substituting (I1) and (III) in (I) we get,
= =E(7x)=7x10g7 ... (ID . du_ Tlog7
Todv xS

. .



Ex.2:

du
Solution : Let u = cos'x and v = 1 —x?, then we have to find =

Ex.3:

Find the derivative of cos™ x w. r. £. N1 —x2.

P y
du “

. dx
Le. —= (1
dv Z—; M

Now, u =cos 'x

Differentiate w. r. . x
du
— =— (cos'x)=—
dx  dx 1—x?
And, v= \1—x?
Differentiate w. r. . x
dv —d(\/l—_)— 1 d(l— ) 1 - 20)
d  dxe TN o ) T
dv X
— == ... (IID)
dx V1 —x2
Substituting (I1) and (III) in (I) we get,

1

du s _ du B 1
dv __* v x
1-x2
Find the derivative of tan™!| ———— |w. r. £. sin“[ J
X 1+x?
NT+x2-1 2x du
Solution: Letu=tan!|— |and v = sin™' , then we have to find —.
X 1+x2 dv
du
. dx
l.e.—=—"7- o (T

dx
Now, u = tan™!

(\/lsz—lj

Putx=tan0 .. O=tan' x

1
L (NI+tan’6-1 [secb-1 oo | [1-cos®

#=tan tan 0 S e || W ((: = fan sin 0

2 sin? \%\ 0

=tan!|——————|=tan'|tan | T
in 5 cos 3 2
| 28in 5] cos |5 |
6 1 |

u= > = > tan " x
Differentiate w. r. £. x
du 1 d 1 1 I
— == —(t = o
dx 2 dx(an ) 2(1+x?) {an




2 tan O

And,

sin’! gl = sin
1+x?

vy = 2tan'x

Differentiate w. r. 1. x
dv

dx 1 +x?
Substituting (I1) and (IIT) in (I) we get,

1
du  30-¢ 1

d
=2— (tan'x) = ... (1)
dx

-1
( 1+tan* 0

j =sin' ( sin 20) =20

dv 24
( )
LEXERCISE 14 )
0 Findd—y " (3) (i) Ifx=a~/secO—tan0,y=a~/secO +tan0,
dx dy __y
(i) x= atz,y =2at then show tha a =— ;
(i) x=acotB,y=>bcosecO (ii) If x = e, y = ¢, then
(iii) x=+a*+m*y=log (a*+m?) how that & = log x
. . show that — = — )
(iv) x=sinB,y=tan O dx xlogy
(v) x=a(l —cos9),y=>5b(0—sin0) 41 -1
1)¢ 1 (i)Ifx = , V= , then
(vi) x:(t-lr—j ,y=a"7, t—1 t+1
4 d
y
where a>0,a# 1 and ¢ 0. Showthaty“ra:O.
(vii) x=cos (%} y=sec'(N1+7) (iv)Ifx =a cos’ t, y = a sin’ ¢, then
+ £ !
) dy Y3
(viii) x =cos™' (4 — 3t), y = tan™ (_V 1-¢ j show tha o =— [—j .
; X X
ind —— i v) lfx=2cos* (¢t +3),y=3sm" (£ + 3),
@ Find 2 it ) Ifx =2 cos* (1+3), y =3 sin* (1+3
“ T show that v__ 3_y
(1) x=cosec’0,y=cot’0, atezg e 2
T (vi)Ifx=log (1 +#),y=t—tan'¢,
(i) x=acos’0,y=asin’0,at0=—
& A —1
ot 3nt showthatd—yz ¢ 1.
. 2
(iii) x:t2+t+l,y:sm[—j+cos[—j, *
ati=1 2 2 (vii) If x =sin”! (e’), y =1 — &%,
. Y
(iv) x=2cost+cos2t,y=2sint—sin2t, show that sin x + P 0.
T
att=— 2bt 1-7
(viii) If x = ,y=a[ }
(V) x=t+2sin(nt), y =3t — cos(nt), 1+7 1+7
1 dx b*y
att=— show that — =———.
2 dy a’x
o S




(4) (1) Differentiate x sin x w. 7. ¢. tan x.

2x
(i1) Differentiate sin! ( j
1+ x?

1—x?
w. . t. cos™! )
1+ x?

(v) Differentiate 3* w. 1. ¢. log_3.

COS X
(vi) Differentiate tan™' | ————
l+sinx

w. 7. t. sec”! x.

(vii) Differentiate x* w. 7. ¢. x*"~,

X
(iii) Differentiate tan™
1—x?

1
w, 7. t. sec”! .
2x2—1

1—x2
S|lwort tan™! x.

V1+x2- 1j

X

1—2x?

(viii) Differentiate tan™' (

A tanl(

(iv) Differentiate cos™! [
I+x
1.5.1 Higher order derivatives :

If £ (x) is differentiable function of x on an open interval /, then its derivative f” (x) is also a function
on /, so ' (x) may have a derivative of its own, denoted as ( 1 (x))’ = f""(x). This new function /"' (x) is
called the second derivative of f(x). By Leibniz notation, we write the second detivative of
a5

y=fasy"=f"(x)= )T e

By method of first prmmple

) h)— d
f'(X)=£%(MJ=d—iand

1) = %%(f (o + hz —f’(X)j _dy

Further if /"' (x) is a differentiable function of x then its derivative is denoted as d_[ ] =" ().
X

Now the new function /" (x) is called the third derivative of f (x). We write the third of y = f(x) as

& &
y"=f"(x)= (d yj = Y The fourth derivative, is usually denoted by f'® (x). Therefore
X2 X

(4) :_
fowW==2

In general, the n™ derivative of f(x), is denoted by /™ (x) and it obtained by differentiating f (x),

d
n times. So, we can write the n™ derivative of y = f(x) as y" =™ (x) = g Y These are called higher order
xl’l

derivatives.

Note : The higher order derivatives may also be denoted by y,, y,, ..., .

= =




For example: Consider f'(x) =x*—x
Differentiate w. r. t. x
d
S ) = [f(0)] =3x"—1
x
Differentiate w. r. t. x
" d !
S (X)=d— [f'(x)] = 6x
X

Differentiate w. r. t. x
"’ d n
f (x)=d— [f (x)] =6
X

Which is the slope of the line represented by "' (x). Hence forth all its next derivatives are zero.

Note : From the above example we can deduce one important result that, if /' (x) is a polynomial of

degree n, then its n™ order derivative is a constant and all the onward detivatives are zeros.

@) SOLVED EXAMPLES ]

Ex. 1: Find the second order derivative of the following :

(i) ¥*+7x*=2x—-9 (i) x?e (iii) e*sin 3x
(iv) x* log x (v) sin (log x)

Solution :

(1) Lety=x*+7x*—-2x-9 (i) Lety=x%¢"

Differentiate w. r. t. x Differentiate w. r. z. x
dy d dy d
—=—x+7x*—2x—9) —=—(©x%e)
dx dx dx dx
d d d d
3t 14x -2 Y el ) el )
dx dx dx dx
Differentiate w. r. t. x

d
—y:xze‘+2xex=e‘(x2+ 2x)

d(dyy d _ | dx

E E - E (Bx*+ 14x = 2) Differentiate w. r. t. x

A’y d (dyj d ,

—== — | = |=—[e" (*+2

dx? Gxx 14 dx \dx dx[ o )]
dy

d d
— = — (24 2x) + (2 + 2x) — (&
ks O+ 20) + (4 2x) — - ()

=e"(2x+2) + (x*+ 2x) (&)
=(*+4x+2)e
d’y

X




(iii) Let y = e**sin 3x

(iv)

Differentiate w. 7. . x
dy

dx dx

dy .
— =¢e*(cos 3x) (3) + sin 3x (e*) (2)
dx

Y _ e” (3 cos 3x + 2 sin 3x)
dx

Differentiate w. r. t. x
d (dy
dx (dx
A’y

— L=
dx? dx

d
j — [e*(3 cos 3x + 2 sin 3x)]
dx

d(2’3) 2d('3)+'3d(2)
— =—(e”"s1n 3x) = e~*— (s1n 3x sin 3x — (e™
d dx dx

d
— (3 cos 3x + 2 sin 3x) + (3 cos 3x + 2 sin 3x) = (e”)
X

= e*[3 (= sin 3x) (3) + 2 (cos 3x)(3)] + (3 cos 3x + 2 sin 3x) e*(2)

= e*[~ 9 sin 3x + 6 cos 3x + 6 cos 3x + 4 sin 3x]

&’y

= e*[12 cos 3x — 5 sin 3x]
dx?

Lety =x?logx

Differentiate w. r. t. x
dy d

R |

o (x 0g x)

dy d
(log x) + log x — (xz)

dx

dy

— =x?

1
—+1 2
o og x (2x)

dy
—=x(1+2logx)
dx

Differentiate w. r. t. x
d dyj d

— = |=— 1+21

dx (dx [x( °8 x)]
d’y

d
d——x—(l +2logx)+(1 +2logx)—(x)
X

2
=x-—+(1+2logx) (1)
X

d*
342 log x
dx*

(v) Lety=sin (logx)

Differentiate w. r. £. x

dy_d in (log )
g [sin (log x)]

Y _ cos (log 1) 2 (log )
—=cos (lo —(lo

dx gx dx g%
dy cos (log x)

dx X

Differentiate w. r. t. x

d (dyj d [cos (logx)}

dx \dx) dx X
dly X o [cos (log x)] = cos (log x) -~ (x)
dx> 2

x [ sin (log x)] - (log x) — cos(log x)(1)

2

X
— xsmllogx) _ cos(log x)
= .
d’y  sin (logx) + cos (log x)
dx? X




d* N1-7 1+7 T
Ex.2: Find d_); if, (i) x =cot™! [#J and x = cosec‘l( 3 j (i) x=acos’0,y=>bsin’O at O = 1
X t

t
Solution :
) NI 1+7 1+7 ) 2t
(i) x=cot’! NI=Z2 and x = cosec”' | —— y = cosec! =sin’!
t 2t 2t 1+7
Putf=sin® .. 0=sin't Putf=tan® .. O=tan!¢
4[ — qin2 ) 2 tan O
x = cot™! [l—smGJ =cot™! (Mj y=sin"! [Lj =sin' (sin 20) = 20
sin 0 sin 0 1 + tan’0
x=cot'(cot0) =0 Sox=sin't S y=2tan’'t¢
Differentiate w. 7. t. t Differentiate w. r. t. t
dx d 1 dy d 2
= (sin"'f) = (1 —=2—(tan')=— ... (I
il CLIL) [/—I_tz) D a2 1+7 W
We know that,
2
d @ ) d _ 2
S 1 [Fromand (D] - = [2— “tj
dx — dx 1+2
Differentiate w. r. t. x
ddy_d (271-¢
dx dx  dx 1+2
@ —21. Nl-2 Xﬁ
dx? dt | 1+p dx
A+ L= -NT-74a+p)]| 1
t dt
:2 X 2 X 7
i (1+7) @
A+ L d\T=A-~NT-£@y| 1
=2 x SN dt(l v x —— [From (I)]
L 1-7
A+2)—_(=2n-2t(\1-7)
— 241-7 )
2 % _ 0 t2)2 x\1—t¢
(1 +2) 2t (NT—7)
=2 x ( )2\'1*’2 ( x Al —¢
I (1+2)
[ =t (1+2)—2t(1 -7 —t—P—2t+2F
gl (1+7) (1+p)
[ £—3t
=2 x _(1 4 t2)2:|
dy  2t(£-3)

e (1+£)

. SO .




(ii) x=acos'0,y=bsin’0 atezg

Solution :
Given that : x = a cos’0 y=>bsin’0
Differentiate w. r. t. 0 Differentiate w. r. t. 6
o d( *0)=a(3)( 29)d( 0) o d(b in’ 0) b(3)('29)d(' 0)
—=—{(acos’0)=a cos?0) — (cos —=—(bsin’0) = sin?0) — (sin
do do do do do do
dx : dy :
—=—3a cos’0 sinO .. (D —=23bsin*0 cos O ...
do do
We know that,
dy % in?
Y _ @ _ 3bsin’cosd . [From (I) and (IT)]
dx % —3acos’0sind
d b
Yo —tan©
dx a
Differentiate w. r. t. x
d(dy b d
— —|= ———(tan0)
dx\ dx a dx
a? b d do
gy 2.2 (tan Q) x —
dx? a do dx
1
=——(sec’0)x —
a by
__b (sec?0) x ! [From (I)]
a —3a cos?0 sin O o
dy b y sec? 0
dx* 3a*> cos*0sin0
d’y  bsec’0
dx*  3a’sin®
T
When 6 = —
4
(c[zyJ _bsect(4)  b(\2)'
d)o=5  3a&sin(f] 3 ()
( &y J 4 \2b
dx?)e :% 3a?
N\



Ex.3: Ifax?+ 2hxy + by*= 0 then show that @ =0.

Solution :

Ex.4: Ify=cos (m cos ' x) then show that (1 —x?) —— —x—+m

Solution :

dx?
Given that ax? + 2hxy + by?=0 ...(D
ax* + hxy + hxy + by*=0
x(ax + hy) + y(hx + by)=0
y(hx + by)=—x(ax + hy)

y:_ax+hy an
X hx + by

Differentiate (I) w. r. t. x

d (%) + 2h d( )+ b d M) =0
adxx dx 4 dx B

dy dy
a2x)+2h|a—+y(1)|+b2y)—=0
dx dx
d d
2 ax+hx—y+hy+by—y =0
dx dx

dy
(hx +by) —=—ax—hy
dx

dy _ax+hy

dx  hx+ by

From (II), we get

dy 'y

d x
Differentiate (III), w. r. t. x

d(dyy dfy
dx \dx]  dxl x

xg ) x(g)-y

X

... (1)

d*y
E - X2 X2
@y

dx? x?

... [From (II) ]

4y _ b 2y =0.
dx* dx
Given that y = cos (m cos ™' x)
cos'y=mcos'x

Differentiate (I) w. . t. x

o (cos'y)=m ™ (cos'x)




Squaring both sides
dy\’

(-2 [S] = (-59)
dx

Differentiate w. r. t. x

(=) 2 <2 S S

d d (d d
(l—xz)-2[d—ij-a-(d—i}j (dic)) (—2x) =m? (— 2y)—

dy & dy\* d
2(1-2) L2 [ gy &
dx dx dx

d
Dividing throughout by 2d—y we get,
X

&y dy
l—x)——x—=—m?
(=) ey Y
y y
1_x2 _—x_+m2 :0
(1-x) Rl y
a d
Ex.5: Ifx=sint, y=e™ then show that (1 —x?) ar —x—y —m?*y =0.
dx®>  dx
Solution : Giventhatx=sin¢ .. t=sin'x
and y = e™ y=emsm ()
Differentiate w. r. t. x
d d - - )
y (em sin x) =" sin” x . m— (Slnfl x)
dx dx dx
dy m-e" sin”!' x
dx 1 —x2
dy
1 —x*—=my ... [From (I)]
dx
Squaring both sides

dy .
(1_x2). - :mzyz
dx

Differentiate w. r. ¢. x

“‘”LQZ@J4P%— 0
(= z)z(dxj %'[%j*(%)z<—2x)=m2(2y)%

/,
. SOe
AN



dy & ' . d
2(1—x2)'—y'—y—2x(dy) Y
X

:2 2y
dx dx? mydx

d
Dividing throughout by 2d_y we get,
X

&y dy
1 =)t x = = 2
(1-2) dx? xdx "y
dy dy
(l—xz)-ﬁ—xa—mzyzo

1.5.2 Successive differentiation (or n™ order derivative) of some standard functions :

Successive Differentiation is the process of differentiating a given function successively for n times
and the results of such differentiation are called successive derivatives. The higher order derivatives are
of utmost importance in scientific and engineering applications.

There is no general formula to find n™ derivative of a function. Because each and every function has
it's own specific general formula for it's n™ derivative. But there are algorithms to find it.

So, here is the algorithm, for some standard functions.

Let us use the method of mathematical induction whereever applicable.

Step 1 :- Use simple differentiation to get 1%, 2" and 3™ order derivatives.

Step 2 :- Observe the changes in the coefficients, the angles, the power of the function and the signs of
each term etc.

Step 3 :- Express the n™ derivative with the help of the patterns of changes that you have observed.

This will be your general formula for the n™ derivative of the given standard function.

@) SOLVED EXAMPLES J

Ex.1: Find the n™ derivative of the following :

1
(1 x (i1) (iii) logx
ax+b
(1v) sin x (v) cos(ax+b) (vi) e*sin (bx +¢)
Solution :
(1) Lety=x" Differentiate w. r. t. x
i i d (& d
Differentiate w. . ¢. x a(ay)_ me(m — 1)~ (xn-2)
dy d B dx | dx? dx
- (xm) = mx™ 1
dx dx y
o === m(m = 1)(m —2) 2"

Differentiate w. r. t. x dx?
d (dy d In general n™ order derivative will be
— | —|=m —Xx" 1 dn
dx (dxj dx )::m'(m— Iy (m—2)..m—(m—1)]x""
dzy dx
——=m(m—1)x"? dry
dx y =m-(m—1)(m=2)..[m—n+1]x""

x}’l

. .



case (i) :- If m > 0 and m > n, then
d'y _m(m—=1)ym=2)...[m—(m—1)] (m—n)..2"1

xm*n
dx" (m—n) - [m—n—1]..2'1
dy  ml.x""
dx" (m —n)!
case (ii) :- If m > 0 and m = n, then case (iii) :- If m >0 and m < n, then
dy nl.x""  nlx° d'y
dx"  (n—n)! 0! dx"
(i) Lety= (ii1) Let y =log x
ax+b

. . Differentiate w. r. t. x
Differentiate w. r. . x

dy d | 1
dy d( 1 J -1 ( b o e g0 =—
dx  dx ax+b) (ax+b)y dx Differentiate w. r. t. x

Q: (—1)a d(dyy d |1
dx (ax+b) E(aj_a(;j

Differentiate w. r. t. x

dy -1 (1
d d 1 2 2 2
: ( j - )a )d_( 2) dx*  x x
X x \(ax + D) Differentiate w. 7. t. x
d*y -2 & 1
—==(~1)(a) —( b) -1y
& @by de dx(dxj OO (x)
Fy_(Cp2la Py —2) (- 112
dx? (ax + b)’ P ( x? j: x?

Differentiate w. 7. £. x In general n™ order derivative will be

dzy - 2 21 d ! dn n—1
dx [dx ) Ch @ E((ax+b)3j Y _ =123 (n—1)
dx" X"
d3‘( 122 1-a* @by dx( x + b) dy _(~1y '(n—1)!
dx”" x"

&y (-1y-32:1a
e (ax+ b

In general n™ order derivative will be

dy (—1ynm—1)..21a
dx" (ax + by !

dy (—=1)yn!a"

dx"  (ax +b)"*!

/
. O@O .
AN




(iv) Lety=sinx
Differentiate w. r. . x

dy d
—=—(sinx) = cos x
dx dx

d 8

& sin (— + xj

dx 2

Differentiate w. r. t. x

)G )

d* T d (T
—y=cos(—+xj—(—+xj

dx? 2 dx \2
dly_ i (E+E+ ) 1
ﬁ—sm 2 2 X ()
dy . [2n

—= — +

P Slll(2 xj

Differentiate w. r. t. x

d a’zy d { 2n }
— sin| —+x
dx dx dx 2

NS
%—COS 2 X E 2 X
(n 2
= sin 2+2+x (1)
dy . (3n
%=Sln(2+)€j

In general n™ order derivative will be

ar nmw
Y =sin (7 + xj

dx"

™)

Let y =cos (ax + b)
Differentiate w. r. t. x
Q = i [cos (ax + b)]
dx  dx

d
=—sin (ax + b) — (ax + b)
dx

s
=Cos (E+ax+bJ (a)
— =aqacos|Ztax+b
dx 2

Differentiate w. r. t. x

d dy d (n j
— acos|-+ax+b
dx | dx dx 2

d (dy d{ [TC ﬂ
—|—|=a—|cos|Z+ax+b
dx | dx dx 2

dy (T d(m
——=q|—sin|Z+tax+b||—|+tax+b
dx? 2 dx \2
T T
=acos(2+2+ax+bj(a)

ch 2%
——=a’?cos [—+ax+bj
dx? 2

Differentiate w. r. 1. x

d (dy d[ (27: ﬂ
a*cos|——+ax+b
dx dx® Cdx 2

dzy d 21
=a*—|cos|—+ax+b
dx | d dx 2

ch i 27 d(2m
—— =¢g*| —sin (— +ax+ bj —(—Jr ax +bj
dx’ i 2 dx\ 2
, ( 27 bj
= —+—+ax+
a‘ cos Sty Tax (a)
dy

2

3n
—=a3cos[—+ax+bj

dx?
In general n™ order derivative will be
dy

nmw
=a"cos|—tax+b
dx"

2




(vi) Let y =e“sin (bx + ¢)

Differentiate w. r. t. x

dy d . d . . d
— =—[e*sin (bx + ¢)] = e*— [sin (bx + ¢)] + [sin (bx + ¢)] — (e‘”“)
dx  dx J dx p dx

=e™cos (bx + c)— (bx + ¢) +sin (bx + ¢) - e — (ax)

dx dx
=e™[ b cos (bx + ¢) +asin (bx + ¢)]
b a

— pax 2 2 1

=e*\a’+b \/mcos(bx+c)+\/m sm(bx+c)}
L b _ b (b .

et =sino, ————=cos o, a=tan' |— c
Jair o E (aj M

d

d_y =e®\a*+ b*[sina - cos (bx +¢) +sin (bx + ¢) - cos o]
X

dy o

—=e"(a*+b*)? -sin(bx+cta)

dx

Differentiate w. 7. t. x

d(dy\ d L
—|=|=—|e*(@®+b*)? - sin(bx +c+a)
dx\dx) dx

1
=(2+ D)2 - o [e= - sin (bx + ¢ + )]

1
—(@+ )2 [eﬂi [sin (bx + ¢ + o0)] + [sin (bx + ¢ + @)] - [e”x]}
dx dx

1 d d
=(a*+b?*)? {e‘”‘cos (bx +c+ ) = (bx + ¢+ ) +sin (bx + ¢+ o) e“xd— (ax)}
X X

1
=e™(a®+b?)2 [bcos (bx+c+a)+asin (bx + ¢+ a)]

1
=e™ (a2 + b2 \/a7+b{ cos (bx +c+a) +

b a
sin (bx+c¢c+ o
NrEa Jarp o )}

2

d_)z} =e“(a*+ b2 [sinacos (bx+c+a)+sin(bx+c+a)cosa] ...[from (I)]
x
y 24 VT
——=e"(a*+ b*) 2 sin (bx+ c+2a)
dx?
Similarly,

3

Y (@ + b7 sin (bx+ ¢ + 3a)
dx?

In general n™ order derivative will be

dx" a

= =

n l b
=e*(a’>+ b*) 2 sin (bx + ¢ + na) where oo = tan™! (—j




‘

(1) Find the second order derivative of the

(2)

3)

N

| EXERCISE 1.5 |

N

)

following :

(1) 2x°—4x° - % -9 (i) e* - tanx
(iii) e* - cos 5x (iv) x3 log x
(v) log (log x) (iv) x*

Ay :
Find — of the following :
dx?
(i) x=a(@®-sinB),y=a(l—cosH)

(i) x=2af,y=4at

(i) x=sin 0, y=sin® O when 0 =

(iv) x=acosB,y=bsinBatd=

A3 A

(i) Ifx=ar and y = 2at then show that

y
xy@+a:0

(i) Ify=em'x show that

&’y dy
1+x) -2 +Q2x—m)—=0
( X)a,x2 (2x m)dx

(i) Ifx=cost, y=e™ show that

&y dy
1-x) ———x——my=0
( x)a’x2 xa’x "y

(iv) Ify=x +tan x, show that

cos2x‘@—2 +2x=0
dx? Y

(v) Ify=e™ - sin (bx), show that

y, " 2ay, (@ + )y =0

Tx® — 5y3j
Tx® + 5y°

b

(vi) Ifsec’ (

dy
show that —— = 0.
dx?

‘

(vii)

If2y=x+1++x—1,

show that 4(x* — 1) y,+ 4x y, =y =0.

(viii) If y=log (x + ¥ + a2 ) ,

(ix)

(x)

(xi)

(xii)

&y  dy
show that (x> + @*) —+x—=0
dx? dx
If y = sin (m cos™' x) then show that
&y dy
l-x)——-x—+m?’y=0
(1=x) dx? g dx "y

If y = log (log 2x), show that

xy,+y, (1 +xy)=0.

If x>+ 6xy + y* = 10, show that
dy 80
x> (3x +y)3 '

Ifx=asint—bcost,y=acost+bsint,

dz 2 44,2
show that—y:—x Y .
dx? %

3

(4) Find the n™ derivative of the following :

(1)
(iif)
(v)
(vi)
(ix)
(x)
(xi)
(xii)

1
(ax+ b)" (i) —
X
et b (IV) abxta
log (ax + b) (vi) cos x
sin (ax + b) (viii) cos (3 — 2x)
log (2x + 3)
1
3x—5

y=e*- cos (bx+c)

y=e%- cos (6x+7)




/—ﬁﬁ Let us Remember

% If a function f'(x) is differentiable at x = @ then it is continuous at x = a, but the converse is not

true.

&% Chain Rule : If y is differerentiable function of # and u is differerentiable function of x then y

oL . . dy dy du
is differerentiable function of x and —=——
dx du dx
% Ify=f(x)is a differentiable of x such that the inverse function x =1 ~!( y) exists then
1
dy dy
_—=—, where — #0
dx dy dx 7
dx
&% Derivatives of Inverse Trigonometric functions :
f(x) sin ' x cos 'x tan ' x cot 'x sec 'x cosec 'x
1 1 1 1 1 1
') 1-x° N 1 +x2 1 +x2 xVx?—1 xxi—1
| <1 x| <1 xeR x €R x| <1 x| <1

% This is a simple shortcut to find the derivative of (function) (function

d
- fg=f{—g 7+ (log f)-g'}
X

f
&% Ify=f(t)and y=g (¢)is a differentiable of ¢ such that y is a function of x then
dy
dy dx
—=— here — # 0
A e OREE
dt
&% Implict function of the form x™ y"= (x + y) """, m, n € R always have the first order derivative
d &
F_r and second order derivative S 0
dx x dx?
AN
r !
-L\MISCELLANEOUS EXERCISE 1 |

(I) Choose the correct option from the given alternatives :

1 8
(1) Letf(1)=3,f"(1)==7g(1)=~4andg'(1) =~ . The derivative of NLFOT +[g 0T

wrtxatx=11s

29
T

= =

7 31 29
(B) 3 ©) T (D) T




)

3)

4

)

(6)

(7

®)

)

(10)

d
If y = sec (tan™' x) then d_y atx=1,is equal to:
1 ’ 1
(4 (B) 1 © 7 (D) 2

1
45+

If f(x) =sin™! ( 142 j, which of the following is not the derivative of f'(x)

4x

2-4"log 4 4+1]og?2 4+ og 4 22+ Jog 2
(A) T2 B) 22 © 8% (D) 2
1 +4* 1+ 4> 1 + 4% 1 +2%
dy
If x> =y~ then — = ...
dx
x (xlogy—y) y (ylogx —x) »* (1 —logx) y(1 - logx)
A — B) —————— (O) R D) —/———
ANy ongr-n P iciegy-yn QO ea-oen P ra-oe)
: : dy
If y=sin (2 sin”! x), then — = ...
dx
2 —4x? 2 +4x? 45— 1 1—2x?
A B C D
W == ® == © == D ==
f -1 ; + : 2 -1 l_x h dy —
If y =tan L=7 sin | 2 tan Ly , t ena =..
X 1 —2x 1 —2x 1—2x°
A B C) —/——— D
(A) V1 —x? ®) V1 —x? © 241 —x2 (D) V1 —x?
If y is a function of x and log (x + y) = 2xy, then the value of y'(0) =...
(A) 2 (B) 0 ©) -1 (D) 1
1
If g is the inverse of a function fand /' ’(x)z1 ; , then the value of g’ (x) is equal to :
+x
1
(A) 1+x7 B) ——— (©) 1+[g00] (D) 7af
1 +[g(x)]
dy
Ifx\/y+1+y\/x+1:Oandx7éythend—:...
X
X
A B) — C) (I+x) D) ———
O e ® - (© (1+) (0)
a—x dy
Ify =tan™' ,where —a <x<athen— =...
a+x dx
X a 1 1
A B C) ——— D) ————
N ® T O e O ae

. .



&
(1) Ifx=a(cos®+06 sin@),y:a(sine—ecosG)then[ y}e_n:...

&
(12) Ify=acos (logx)and A_y +
dx?

(A)

82
T

a

(A) x*,—x, —y

(I) Solve the following :
(D f&x)=—x,
=2x,

2

3)

18 —x
4 b

(B)

8V
T

a

B) ¥, x,y

for 2<x<0

for0<x<2

for2<x<7

d
Bd—y + C =0, then the values of 4, B, C are ...
X

dx*
am 4 \/5
©) D)
82 an
(©) %, x,~y (D) x%, —x,y
g(x)=6—3x, for0<x<2
2x—4
== for2<x<7

Let u(x) = g()], v(x) = g [f (x)] and w(x) = g [ g(x)].

Find each derivative at x = 1, if it exists i.e. find ' (1), v' (1) and w' (1). if it doesn't exist then

explain why ?

The values of f(x), g(x), /' (x) and g’ (x) are given in the following table.

X Sx) [ g [ S | W)
-1 3 2 -3 4
2 2 -1 -5 —4
Match the following.

A Group - Function

B Group - Derivative

d

(A)d—[f(g(X))] atx=-1
X
d

(B)d—[g(f(x)— D]atx=-1
X
d

(C)d—[f(f(X)—3)] atx=2
X

d
(D)d—[g(g(x))] atx =2
X

1.

2.

3.

4,

5.

—-16

20

—20

15

12

Suppose that the functions f'and g and their derivatives with respect to x have the following

valuesatx=0and x=1.

x [ /)| g |/ (x)]|g' %)
0] 1 1 s | L
3

T I L )
3| 3

(1) The derivative of f[ g(x)]w. . t. x atx=01s
(i1) The derivative of g [ f(x)]w. . . x atx =0 is

xX=

(iii) The value of {i [x!0+ f (x)]‘z} is ...
dx 1

(iv) The derivative of f[(x +g(x)]w. r t. xatx=01s ......

g




(4) Differentiate the following w. 7. ¢. x

. . 1 1 _x .o L) -1 1 +x
(1) sin|2 tan L+ x (i1) sin?| cot |«

X (3—x) VI+x—+1-x
1 —3x 2

(ii1) tan™

(iv) cos™! (

1 - 1022 N1+ +
(v) tan’! a j+ cot‘l[ Xj (vi) tan‘[ #}
V1 +x2—x

X

d 2
5) () If\/yTx+\/yTx:c,thenshowthatd—zZL—\/;'

2

d 1-
(ii) If x \/1_—),24_), ﬂ: 1, then show thatd—zZ— 1—; :

T ) 0. then show i dy sin’*(a+y)
+y)+ +y) = —=—"
(iii) Ifx sin (a +y) + sin a cos (a + y) = 0, then show that rn 0 g

. . . dy sin’(a+y)
(iv) If sin y = x sin (a + ), then show that — = ————.

dx sin a
x dy x-y
(v) Ifx=e> ,then show that —= .
dx xlogx
: . . . d*x dy\? &y
(vi) If y =f(x) is a differentiable function then show that —=—|—| -——.
dy? dx | dx?
V1 +x2-1 2x N1 —x?
(6) (i) Differentiate tan! (—xj w. r t. tan™! (%j
X —2x

V1I+x2+x
VI +x2—x

\/1+x2—1j ( 1+\/1+x2j
—_— |W. I L. COS71 _— |.

(i) Differentiate log( jw. 7. t. cos (log x).

(ii1) Differentiate tan™! (

X 241+
a*b?
(7) (1) Ify*=a*cos®x+ b*sin’x, show that y + — =
o2 3

& d
(ii) Tflog y = log (sin x) — x*, show that —> + dx -2 + (4x* + 3) y = 0.
dx? dx

. d*y (dyY
(iii) If x =a cos 0, y = b sin 0, show that a*| y——+|—| |+ bH*=0.
dx*  \dx
(iv) If y = A cos (log x) + B sin (log x), show that x>y, + xy, +y=0.
(v) Ify=4e™+ B e™, show thaty, — (m +n)y + (mn)y=0.

/7 /7 /7
0’0 0.0 0’0

‘



