2 SEQUENCES AND SERIES
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&3} Let's Study

A.P. and G.P.

e  Sum of n terms of a G.P.

e  Sum of infinite terms of a G.P.
e H.P and A.G.P.

e AM.,GM, HM.

Let's Recall

2.1 Sequence :

A set of numbers where the numbers are
arranged in a definite order,like the natural

numbers, is called a sequence.
Examples : Natural numbers, Even integers

between 10 and 100, Squares of integers.

In general, a sequence is written as t, t, t,

t, t where t - first term, t, - fourth term, ...,

Finite sequence — A sequence containing finite

number of terms is called a finite sequence.

Itis written as {t, t, t, t } for some positive

integer n.

Infinite sequence — A sequence is said to be

infinite if it is not a finite sequence.
Itis written as {t t, t, }or {t}n=>1

Sequences that follow specific patterns are

called progressions.

In the previous class, we have studied

Arithmetic Progression (A.P.).

2.2 Arithmetic Progression— ( A.P.)

In a sequence if the difference between
any term and its preceding term (7 ) is
constant,then the sequence is called an Arithmetic

Progression ( A.P.)

Consider the following sequences

1) 2,5,8,11,14, ...

2) 4,10,16,22,28, ...

3) 416,064,256, ...

R

57257125777

5) -3,2,7,12,17, ...

The sequences 1), 2) and 5) are A. P. but the

terms in sequences 3) and 4) are not in A. P. as
the difference between their consecutive terms is

4)

not constant.

Ift tt

1,2, 3.,
for all n.

t arein A.P.thent —t =d,is constant

Hence the sequence can also be written as
a, atd, at2d, ... . Its n" term is t = a + (n—1)d,
t =aand sum of n terms i.e.

S =t +t 4.+t = %[2a+(n—1)d].

Ift t t

1, 2, 3.,
i) t+k trkttk, ... t +kare also in A.P.
i) kt,kt,kt, .., kt arealsoinA.P. (k#0)
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2.3 Geometric progression :

t are in A.P. then

A sequence t t, t, t ... is G.P. (Geometric

...... )

. . . 1 .

rogression) if the common ratio —— = r is
t

constant for all n.




Hence a G.P. can also be written as a, ar?, ar’, ....

where a is first term and r is common ratio.

Examples :

1) 2,4,8,16,....[herea=2,1r=2]

. 1 1 1 1

m 1, —, —, —, ... [a=1,r=—+
) 3797 27 : 3]
i) 1,-1,1,-1,1,-1,...[a=1,r=-1]

2.3.1 The General term or the n* term of a G.P.
For G.P,t,=a,t,=art,=ar’ t,=ar,

If a and r are the first term and common ratio
of a G.P. respectively. Then its n* term is given

by t=ar"" (Verify)
Ex. Find n™ term of the following G.P.
i) 3,-6,12,-24, ...
Herea=3,r=-2
Since t = ar™! =3 (-2)!

N

. 1,
i) 3, T

Ul|»~

1
Here a=5 , r=z

S‘ t - n71_5 l nl_(ljn—Z
1mce T ar- - = 5 = 3 .

Properties of Geometric Progression.

Ift t t, .. t are in G.P. then

1, 2,3
L 1 1 1 1
(1) t_l t_’t_ ..... t_are also in G.P.

n

ii) (k#0) kt,kt,kt, ... kt_are also in G.P.

i) t°t"t" ... are also in G.P.

E SOLVED EXAMPLESj

39 7
2 2 4 9 4 9 e
G.P, if it is a G.P. Find its ninth term.

Ex. 1) Verify whether 1,

- 9
Solution : Here t =1 ,t= 73 L

-3
; -
Consider Z% -2

Z B 9 -3
and 2 _@[ 3j‘ 2

Here the ratio of any two consecutive terms

is constant hence the given sequence is a G.P.

3
Nowt,= ar’'=ar®=1 (7j

Ex. 2) Which term of the sequence

J3,3,343 , ... is 2432
Solution : Here a= \/g, r= \B, t =243
andt =ar"'

arv'=243

BABr1=243=3
g (\/g)n:3§:35

S.n=10
*. Tenth term of the G.P. is 243.

Ex.3)ForaG.P.Ifa=3andt,=192findrandt, .

Solution : Given a =[], t = aIDZ 192
192

S O(nH=192 ID__ — 64
S =20

=2,

also t”=arD=3 (Z)DZD

Ex 4) In a G.P. ,if the third term is % and sixth

term is find its n™ term .

b
625"
1

5% 625

Solution : Here t=




t=ar’="7 ...(1),
t =ar’=—_—z ...(2)

Divide equation (2) by equation (1), we get

ar’ _ (1/625)

ar® (1/5)
L1
™75 =5
1
=3

1 n-1
t=ar"'=5 (gj =5x (5= (5

n-2

Ex 5) If for a sequence {t },t = Wshow that
the sequence is a G.P. Find its first term and the

common ratio.

5;1—2
Solution: t_ = 3
Sn—l
tn+l: 4,1_2
5n-1
) t _|_1 411.2 5n-1 4n—3
Consider “t =52 = g2 X g
! 4n*3
5n—1—n+2 5
W = 74 =constant, v n € N.

5
The given sequence is a G.P. withr = e

16
and t="5

Let’s Note :

1) Three numbers in G.P. can be conveniently

a
assumed as s a.ar

ii1) Assume 4 numbers ina G.P. as

a a o
—- — ar, ar’ (Here ratio is 1°)
r

1v) Assume 5 numbers in a G.P. as

a a 5
7, —, d, ar, ar
r

Ex 6) Find three numbers in G.P. such that their
sum is 42 and their product is 1728.

Solution : Let the three numbers in G.P. be

a

. a.ar.

As their product is 1728

4 gar=1728
r

soad=1728 =(12)°
Soa=12.

According to first condition, their sum is 42
a
7+a+ar=42

12
St 12+4 12r=42

12
o 120=30

Multiply by r
2124122 =30r
212 =30r+12=0

Dividing by 6, we get
L2 =5r+2=0

S Q2r-)(r—2)=0

S2r=lorr=2

1
SLT=T r=2




If a=12, r =
24,12, 6.

7 then the required numbers are

If a = 12, r =2 then the required numbers are
6, 12, 24.

oo 24, 12, 6 or 6, 12, 24 are the three required

numbers in G.P.

Ex 7) Find four numbers in G. P. such that their
product is 64 and sum of the second and third
number is 6.

. a a
Solution : Let the four numbers be 3 ear, ar’
(common ratio is r?)

According to the first condition

a a
F><7><ar><ar3=64
soat=64

L a= (26)1/4 — 931

a=22 .

Now using second condition % +ar=6
& +232r =6.

Multiplying by r,

22+22 2=6r

Dividing by 2

2+ 2 2=3r

L2r2-3r+ 2 =0,

J2 12 =2r-r+ 2 =0,
Lre-J)-1@-)=0.
r-2)(far=-1)=0.

1
r=2 orr=—
2

Ifa= 2\/5, r= \/E then 1, 2, 4, 8 are the four
required numbers in G.P.

1
Ifa=2./2,1r= ﬁ then 8, 4, 2, 1 are the four

required numbers in G.P.

Ex 8) If p, q, 1, s are in G.P. then show that
(g1’ +(r=p) >+ (s—q)* = (p-s)’

) ) . q ' s
Solution : Since, p, q, 1, s are in G.P. _p 4= 7

S QP=pr,r*=qs,qr=ps
consider LH.S.=(q-r)*+(r—-p)*+(s—q)°

= @*-2qr + >+ r>=2rp + p* + s>-2sq + ¢

= pr —2qr +qs + qs —2rp + p? +s* —2sq + pr

—2qr +p*+s? = —2ps +p*+s? (- qr=ps)

(p—s)*=R.H.S.

Ex9) Shraddha deposited Rs. 8000 inabank which
pays annual interest rate of 8%.She kept it with the
bank for 10 years with compound interest. Find
the total amount she will receive after 10 years.
[given (1.08)'%=2.1575)]

Solution:

The Amount deposited in a bank is Rs 8000 with
8% compound interest.

Each year , the ratio of the amount to the

108
principal to that year is constant = 100

Hence we get a G.P. of successive amounts.

We consider the amount at the end of each year
for Rs 100 , the amount is 108.

amount 108
principal ~ 100

For P=28000,

The ratio of

the amount after 1 year is

8 8
— - 14+ —
8000 +8000 x 7= 8000( +100j

100

108 108
100 100

108 \?
=8000 x |[—x
<1oo>

the amount after 2 years is 8000 X




. 108 108

the amount after 3 years is 8000 X 100 % 100
108
100

3
~ 8000 x <%> .
Therefore after 10 years the amount is
= 8000 <%>w
8000 (1.08)'°
= 8000 x 2.1575 = 17260.

Thus Shraddha will get Rs 17260 after 10 years.

The formula to find amount by compound interest
is

R N
A=P[1+—
100
A R
—=|1+—
P 100

R N
Note that, (| 1+ —— | isa G.P]
100

( EXERCISE 2.1 J

1) Check whether the following sequences are
G.P. If so, write t

iy 2,6,18,54, ...

i) 1,-5,25,-125 ...
11 |
53—,—5—3
Vs NN NG

iv) 3,4,5,6, ...
v)  7,14,21,28, ...

2) For the G.P.

3)

4)

S)

6)

7)

8)

9)

10)

11)

12)

e T
i1) Ia—243,

i) If r=-3andt,=1701, find a.

r=23 find t,.

2
v) Ifa=§,t6= 162, find r .
Which term of the G.P. 5, 25, 125, 625, ... is
5109

For what values of x, the terms
4 4

X, —

3

are in G.P?

511—3
If for a sequence, t = i show that the

sequence is a G.P. Find its first term and the
common ratio.

Find three numbers in G.P. such that their
sum is 21 and sum of their squares is 189.

Find four numbers in G.P. such that sum of
the middle two numbers is 10/3 and their
product is 1.

Find five numbers in G. P. such that their
product is 1024 and fifth term is square of the
third term.

The fifth term of a G.P. is x , eighth term of
a G.P. is y and eleventh term of a G.P. is z
verify whether y’=x z .

If p,q,1,s are in G.P. show that p+q, g+r, r+s
are also in G.P.

The number of bacteria in a culture doubles
every hour. If there were 50 bacteria
originally in the culture, how many bacteria
will be there at the end of 5™ hour ?

A ball is dropped from a height 0f 80 ft.
3 th
The ball is such that it rebounds (Zj of the

height it has fallen. How high does the ball
rebound on 6™ bounce? How high does the
ball rebound on n™ bounce?




13) The numbers 3, x and x + 6 form are in G.P.
Find (i) x, (ii) 20™ term (iii) n™ term.

14) Mosquitoes are growing at a rate of 10%
a year. If there were 200 mosquitoes in
the begining. Write down the number of
mosquitoes after (i) 3 years (ii) 10 years
(111) n years.

15) The numbers x — 6, 2x and x? are in G.P. Find
(i) x (i) I**term (iii) n™ term.

& N
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2.3.2 Sum of the first n terms of a G.P. (S )

Consider the G.P.t, t,t,, ..... t ... we write

the sum of first n terms

Note : ) is the notation of summation, the sum is
ofallt (1<r<m)
n
In 2. the variable is 1.
r=1
Theorem : If a,ar,ar?, ....,ar" ! (r# 1)isa G.P. then

S =ag+ar’+ ... +am!'=t+t+t + ... +t
n 1 2 3 n

= Zn:tr = al—r’) . (ril)

r=i (1—}") '
Proof : Consider S, =a+ar+ ar*+ ... +ar™!
S, = a(l+r+r’+r+ .. + ") .. (1)

Multiplying both sides by r we get
rS =a(rtr+ri+ .+ 1) ..(2)
Subtract (2) from (1) we get S —S r=a (1-1")
S (1I-r)=a (1-1")

a(l—r")
n 1 —r

, T#1.

Let’s note :

1) Ifris positive and r < 1, it is convenient to
a(l1—r")
1—r

write S, =

2) Ifris positive and r > 1, it is convenient to
a(r'—1)

write S =—""—73

3) If r=1then G.P. is a, a, a ...a (n times),
So,S =a.n

4) S —S =t

( SOLVED EXAMPLES)

Ex1) If a=1,r=2findS_ for the G.P.

Solution: a=1,r=2

S = Al N O e | B
)T M o) T

Ex 2) For a G.P. 0.02, 0.04, 0.08, 0.016, ...,
find Sn.

: _ _ 004
Solution : Herea=0.02, r= 002~ 2

’,-”’_1 n_
S = a( ] =0.02 [2 1}
" r-1 2-1

= 0.02.(2"-1)

Ex 3) For the following G.P. 3, -3, 3, -3, ...,
find S .

Solution :
Case (i)

Ifniseven,n=2k

S, =(3-3)+(3-3) +(3-3) + (3-3) + ... 2k terms
= (3+3+ ... k terms) + (-3, -3, -3, ... k terms)
=3k-3k=0

Case (ii)

If nisodd ,n=2k +1

S, = (3 +3+3 .. kterms)
+(-3,-3,-3, ... kterms) + 3 =3k -3k +3 =3




Ex4) ForaG.P.ifa=6,r=2,find S

r'—1
Solution: S =a ( j s

r—1

21
S,=6 ( 71 J =6 (¥j=6(1023)=6138.

Ex 5) How many terms of G.P.
2,22,23,24..... are needed to give the sum 2046.

Solution : Herea=2,r=2, letS = 2046.

Co0d46=a | =t o [ 222 g o
Y o eE1 e BT

1023 =2"-1,2"=1024=2" ..

n=10

Ex 6) If foraG.P.r=2,8 =1023,finda.

10 _
Solution : S L=a 2 -1
2-1

- 1023 = a (1023)

soa=l1.

Ex7)ForaGP.a=3,r=2,S =765,findn.

n

Solution :S =765 =3 [ 21 j =3(2"-1),

L0255 =2"-1,
2" =256 =128,

n=_8.

Ex 8) For a G.P. if S;= 16, S =144, find the first
term and the common ratio of the G.P.

Solution : Given

(rs_lj
S,=a =16 .. (D)
r—1

Dividing (2) by (1) we get,
I Bt
s, =1 16
(= 1)(3+1)
BGE
r’+1=09,
r=8 =23,
r=2
Substitute r=2 in (1) We get

21
a =16,
2-1
=116
Al )71

a(7)=16,
a=16/7

Ex 9) Find 5+55+555+5555+ ... upto n terms.

Solution:
LetS,

5+55+555+5555+... upto n terms.

5 (I+11+111+... upto n terms)

5
=9 (9+99+999+... upto n terms)

9 [(10-1) + (100-1) + (1000-1) + ... to n
brackets]

5
9 [(10 + 100 + 1000 +... upto n terms)

— (1+1+1+ .....upto n terms)]
[@=10,r=10)and (a=1,r=1)]




Ex 10) Find the sum to n terms 0.3+0.33+0.333+

... h terms
Solution :

S = 0.3+0.33+0.333+ upto n terms

n

3[0.1+0.11+ 0.111+ ... n terms]
Multiply and divide by 9

3
= 5 [0.9+0.99+ 0.999+ ... n terms]

% [(1-0.1)+(1-0.01)+(1-0.001)+ ... to n

terms]

3
9 [(T+1+1 ...... n terms)
—(0.1+0.01+ 0.001+ ...... n terms)]
[@a=1,r=1)and (a=0.1,r=0.1)]

_ 3 _n—O.l(l_—O'ln)}
9 (1-0.1)

1 "
_n—§(1—0.l )}

ofw

Ex 11) Find the n® term of the sequence
0.4,0.44, 0.444,...

Solution :

Here t =0.4

t,=0.44=0.4 +0.04

t,= 0.444 = 0.4+0.04+0.004

t =0.4+0.04+0.004 +0.0004 + ... upto n terms
here t_is the sum of first n terms of a G.P.

witha=0.4and r=0.1

t=0.4 1=0.1% —ﬁl 0.1)"]
SO o) Too 0

4
=5 [1-(0.1)y].

Ex 12) For a sequence , if Sn = 5(4"-1), find the

n" term, hence verify that it is a G.P., Also find r.

Solution :S_= 5(4"-1), S =5 (4r1-1)

1
We know that t = S —S
= 5@"—1)—-5@""'-1)
= 5M@")-5-5@""H*5
= 5(4"— 4
= s@H@E-1
= 5@ )
oot = 154"
Then,t = 15(4")

NG

and t =15 (4n—1)

— 4n*n+l = 4
= constant v n € N.

r=4.
The sequence is a G.P. with t =15(4"").

Ex 13) A teacher wanted to reward a student by
giving some chocolates. He gave the student two
choices. He could either have 60 chocolates at
once or he could get 1 chocolate on the first day,
2 on the second day, 4 on the third day and so
on for 6 days.Which option should the student
choose to get more chocolates?

Ans : We need to find sum of chocolates in 6
days.

According to second option teacher gives
1 chocolate on the first day , 2 on the second day,

4 on the third day, and so on.Hence itisa G. P.
with a= 1,r = 2.

. "—1
Byusing S = a [r j




64-1 = 63

Hence the student should choose the second way

to get more chocolates.

Ex 14) Mr. Pritesh got a job with an annual
salary package of Rs. 4,00,000 with 10% annual
increment. Find his salary in the 5" year and also

find his total earnings through salary in 10 years.
[Given (1.1)*=1.4641, (1.1)!1*=2.59374]

Solution : In the year he will get a salary of
Rs. 4,00,000.

He gets an increment of 10% so in the second year

his salary will be

4,00,000 x (Mj =4,40,000
100

In the third year his salary will be

2
4,00,000 x 110 and so on ...
100

hence it is a G.P. with a =4,00,000 & r=1.1.
So, his salary in the fifth year will be

110Y
t. =ar*= 4,00,000x| — | = 585640.
5 100

His total income through salary in 10 years

-1
will be S,=a ( j

r—1
[ (1.1)1°=2.59374]

— 4,00,000 x (%j

0.1
1.59374]

=4,00,000 ( 01

=4,00,000 [15.9374] = 63,74,960.

Mr. Pritesh will get Rs. 5,85,640 in the fifth year
and his total earnings through salary in 10 years
will be Rs 63,74,960.

( EXERCISE 2.2 J

1) For the following G.P.s , find S_
) 3,6,12,24, ..

¢ ¢

b

i) p,q,

9 e

iii) 0.7, 0.07, 0.007, ....

iv)  5,-5,545,-25...

2) ForaG.P.

2
1) a=2,r= —?,ﬁndS6

i) IfS,=1023,r=4, Finda
3) ForaG.P.
i) Ifa=2,r=3, S =242 findn.
i1) For a G.P. sum of first 3 terms is 125

and sum of next 3 terms is 27,
find the value of r.

4) ForaG.P.
i) Ift,=20,t=160,findS,
i) Ift,=16,t,=512,find S

5) Find the sum to n terms

i) 3+33+333+3333+...
i) 8-+88+ 888+ 8888+ ...

6) Find the sum to n terms
i) 04+044+0.444 + ...
i) 0.7+0.77+0.777 + ...

7) Find the sum to n terms of the sequence
i) 0.5,0.05,0.005, ...
i) 0.2,0.02,0.002, ...




8) For a sequence, if S =2 ( 3"-1), find the
n™ term, hence show that the sequence is
aG.P.

9) IfS,PR are the sum, product and sum of the

reciprocals of n terms of a G. P. respectively,

: ST
then verify that {E} =PpP2,

10) IfS_.S, .S, are the sum of n,2n,3n terms of

a G.P. respectively , then verify that
Sn (S3n_ SZn) - ( SZn_ Sn) 2'

11) Fmdﬁ)ﬁiexzw (ii) ﬁiny

12) The value of a house appreciates 5% per year.
How much is the house worth after 6 years
if its current worth is Rs. 15 Lac. [Given :
(1.05)°=1.28, (1.05)° = 1.34]

13) If one invests Rs. 10,000 in a bank at a rate of
interest 8% per annum, how long does it take
to double the money by compound interest?

[(1.08) = 1.47]

2.4 Sum of infinite terms of G. P.

Consider a G.P. of the positive terms. The sum of
am—D:aﬂ—m
(r—1) 1-7r

If|#|> 1, » =1 is constant but 7 approaches oo

first n terms is

as n approaches oo, so the infinite terms cannot be

summed up.

Iflrl<1,m approaches 0, as n approaches c and

a(l—m) a
W approaches -

the sum Sn =

o > .. a
Here the infinite sum z ¢, is said to be —1
—r

r=l1

1 1 1 1
Example : 1 + > Tat g tT1e

Solution :
here a = 1,r=7, ie.lrl<i

.. Sum to infinity is given by

iy

Visual proof : This can be visualised taking a

rectangle of 2x1 containing smaller rectangles of

1 1

area 1, 5 4 --square units.

0| —

ne
4 1

Fig. 2.1

These rectangles are seen to be completely in the
big rectangle and slowly fills up the big rectangle
of area two square units.

1

) 1
Thatis 1+ > + 2 +...=2.

( SOLVED EXAMPLES)

Ex. 1) Determine whether the sum of all the terms
in the series is finite. In case it is finite find it.

N
D) e

9 oo

25 125 625
iii) 1,-3,9,-27,81, ...

?9




Solution:
1) H S —l—i<1
1) erea—3,|r|—3—3

.. Sum to infinite terms is finite.
5 )
3 3 1
g=—% = = =—
1-r 1_(1j 2) 2
3 3

11) Hereazg,rZ——,|r|= =3 :§<1
5 5 5 5
.. Sum to infinite terms is finite.
G
a 5 3
ST 53 :%:?
1_(_5) g

1) Herea=1,r=-3 |rf|=|-3|=3 £1

.. sum to infinity does not exist

2.4.1 Expressing recurring decimals as rational

numbers :
We know that recurring decimal fraction can

be written as rational numbers e.g. 0.666 ...0.6

= % This can also be checked using G.P.

Ex i) 0.66666...
=0.6 +0.06 + 0.006 +...
the terms are in G.P. with a=0.6, |r|=0.1| <1

.. Sum to infinite terms is finite and is

a 06 06 6
1-» 1701 — 09 9

i) 0.46 = 0.46+0.0046+0.000046 +
the terms are in G.P. with a = 0.46 ,
[r| =10.01] < 1.
.. Sum to infinite terms is finite and is
a 0.46 046 _ 46

1—r 1-(0.01) = 099 — 99

iii) 2.5=2+0.5+0.05+ 0.005+0.0005 + ...
After the first term,the terms are in G.P. with
a=0.5,=10.1<1

.. Sum to infinite terms is finite and is

a 05 05 5
1-» 1-01 09 9
7y, 23
2.7 =2+ 9 =9
( EXERCISE 2.3 )

1) Determine whether the sum to infinity of the
following G.P.s exist, if exists find them

v) 9,8.1,7.29, ...

2) Express the following recurring decimals as
a rational number.

i 0.7
i) 2.4
i) 2.35
iv) 51.02

3) Ifthe common ratio of a G.P. is % and sum

to infinity is 12. Find the first term.

4) If the first term of the G.P. is 16 and its sum

to infinity is % find the common ratio.




5) The sum of an infinite G.P. is 5 and the sum
of the squares of these terms is 15 find the
G.P.

6) Find (i) 24(0.5)’

(iii) g(—s)(—an

7) The mid points of the sides of a square of
side 1 are joined to form a new square. This
procedure is repeated indefinitely. Find the
sum of (i) the areas of all the squares (ii) the
perimeters of all the square.

o3

(iv) 204

8) A ball is dropped from a height of 10m. It
bounces to a height of 6m, then 3.6m and so
on. Find the total distance travelled by the
ball.

2.5 Harmonic Progression ( H. P.)

Definition : A sequencet, t,t,t,, ..., t

12 Y R

(t#0,n € N) is called a harmonic progression if

1 1 1 1 .
t_1’t_2’ ts""ﬁ’"' are in A.P.
e.g., 1) 1, 1, 1 ...arein H. P. as
7 11 15
1 1 1 . )
T T T 1.e.7,11,15 ... arein A.P.
) &) G
i1) L, i, 3 ... 18 H.P. as 4, 14, 16, ... are
4 14 16 33
inA.P.

E SOLVED EXAMPLESj

Ex. 1) Find the n"term of the H.P.

1 2 1 2

2757377

. 5 7 . )
Solution : Here 2, 5 3, o are in A.P. with

1
ForAP.t =a+(n-1)d=2+(n-1 )7

I S
=2t
_3.n
-2
3+n

- 2

Therefore in H.P. t = Ry

Ex. 2) Find the n term of H.P. % , 1, %1 , _71 yeu

Solution: Since 5, 1, -3, -7, ... are in A.P.
witha=5and d=-4

Hencet=a+ (n—1)d

=5+ (n-1)(-4)
=5 —4n +4 = 9—4n.
1

For H.P. tn: 9—4n

2.6 Types of Means:
2.6.1 Arithmetic mean (A. M.):

If x and y are two numbers, their A.M. is given by

_ Xy

2
We observe that x, A, y form an A.P.
. xty
Le.A-x=y—-A . 2A=x+y .. A= 3

2.6.2 Geometric mean (G. M.) :

If x and y are two numbers having same sign
(positive or negative), their G.M. is given by

G=Jxy.
We observe that x, G, y form a G.P.

A

G G*=xy

ie.—=
X




2.6.3 Harmonic mean (H.M.) :

If x and y are two numbers, their H.M. is given

1e.L,L,LlsinA.P.
x H vy
1 1
1 X Ty xty 2xy
“H o D =2xy S H= Xty

Note 1) : These results can be extended to n
numbers as follows

xl+ x2+ x3+... + X

A:

G = {x,.x,.%5... X,

2) fx=ythenA=G=H
Theorem : If A, Gand H are AM., GM., HM.

of two positive numbers x and y respectively, then
1)G>*=AH ii)A>G>H

Proof : Let A, G and H be A.M., G.M and H.M.

of two positive numbers x and y

Then
2xy

Xty
A= 3 ,G=\/E,H= iy

. x-l-y 2xy
1) RHS=AH=< 5 ><xTy>

=xy=G*=L.H.S.

xty
“w

ii) ConsiderA-G=">»
1
= 5 (xty 2 Jxy)

-5 W) ()= 2 b

1 2
=7(‘/;‘\/;) 0

Since squares are always
non-negative.

LA-G=20 L A=G (0
A

—=>1 II
e i

Now since G*= AH

G A

H-G >1 (From II)

-£> . G>

o H_l .. G>H (111)

From (I) and (III)

A>G>H

(SOLVED EXAMPLESJ

Ex. 1 : Find AM.,.G.M.,HM. of the numbers
4 and 16

Solution : Here x= 4andy = 16
xty 4+16 20

A=T5 =3 =2 -

G= 1w =Jax16 = J64 =8
2xy  2x4x16 128 32

H: P —

xty — 4+16 ~ 20 T 5
Ex. 2 : Insert 4 terms between 2 and 22 so that the

new sequence is in AP.

Solution: Let A, A,, A,, A, be the four terms
between 2 and 22 so that

2,ALA, AL A, 22 are in AP with
a=2,t,=22,n=6.

22 =2+ (6-1)d=2+5d

20 = 5d,d=4

A = atd=2+4=6,

A, = at2d=2+8 =10,




A

3

A

4

at3d=2+3x4=2+12=14

atdd =2 +4x4=2+16=18.

.. the 4 terms between 2 and 22 are 6, 10, 14, 18.

Ex: 3 Insert two numbers between % and 1—12 SO

that the resulting sequence is a HP.

1
Solution : Let the required numbers be H and

1 1

" 2 1 1 1 are in HP.

)

1 2
- and 19 are to be

1

) 2
inserted between 9 and B

Ex: 4 Insert two numbers between 1 and 27 so
that the resulting sequence is a G.P.

Solution: Let the required numbers be G, and G,
1,G,G,27arein G.P.
t=1,t,=G,, t,=G,,t,=27

=27

1°

a=1,t=ar’=27

r=27=33 ..1r=3

t2=G1=ar=1><3=3.

t=G,=ar’=13)*=9

3 and 9 are the two required numbers between
1 and 27.

Ex: 5 The A.M. of two numbers exceeds their

18
G.M. by 2 and their H.M. by 5 Find the
Numbers.

Solution : Given A= G + 2

G=A-2 e (D
18 18

Als0A=H+? H=A—? ..... D)
We know that G2=AH

18
(A—2)=A(A- ?) .... from (I) and (II)
2 2 — A2 18
A=4A+22=A —?A
EA—4A=—4
5
—2A =—4x5,
A=10

Also G=A-2=10—-2=8

Now, let the two numbers be x and y.

xty
As A= =10, xt+y =20,

2
y=20-x.. (1)
Now G = \/xy =8
xy =64 .. (IV)
x(20 —x) =64 ... from (III) and (IV)
20x —x?* =64

x>=20x + 64 =0

(x—16) (x—4)=0

x=l6orx=4

Ifx=16theny=4

If x=4theny=16.

The required numbers are 4 and 16.




1)

2)

3)

4)

S)

6)

7)

8)

( EXERCISE 2.4 J

Verity whether the following sequences are
H.P.

p L L L1
3°5°7°79
11 1 1

) —,—,—,=—, ...
3°6°12°24

iiiy 5, 10 10 10 ©
17" 32 47

Find the n®™ term and hence find the 8 "term

of the following HPs
. 1 1 1 1
1) TA 0 = 0 o 9 440
2578 11
.. 1 1 1 1
11) RN T Y
46 8 10
i L1t
W5 70015°20,

Find A.M. of two positive numbers whose

16
G.M. and H. M. are 4 and 75~ respectively.

Find H.M. of two positive numbers A.M. and

G.M. are 12—5 and 6

Find GM of two positive numbers whose
A.M. and H.M. are 75 and 48

1 1
Insert two numbers between e and 3 SO

that the resulting sequence is a HP.

Insert two numbers between 1 and —27 so

that the resulting sequence is a G.P.
If the A.M. of two numbers exceeds their

G.M. by 2 and their H.M. by 15—8, find the

numbers.

9) Find two numbers whose A.M. exceeds their

1 25
GM by 5 and their HM by 26

L v:"‘i 1
| ; /\Hl% Let's Learn

2.7 ARITHMETICO-GEOMETRIC
PROGRESSION (A.G.P.) :

Definition : A sequence in which each term is
the product of the corresponding terms of an A.P.
and G.P. is called and arithmetico — geometric

progression (AGP).

e.g. Consider the sequence

(a) (a+d) | (a+2d) [ (a+3d)

A.P. 2 5 8 11

G.P. 1 3 9 27
(D (r) () ()

A.G.P.is a, (atd)r, (at+2d) r?, (at+3d) r*, ...
i.e. 2x1, 5x3, 8x9, 11x27,...

Here the first factors of the terms are in AP and the
second factors are in G.P.

Therefore the given sequence forms an A.G.P.
n™ term of A.G.P.
t =axl, t, = (atd)r, t, = (a+2d)r, ...
sot=[a+ (- 1)d] !
2.7.1 Sum of n terms of A.G.P.:
LetS =a+(a+dyr+(a+2dr+ ..
+[a+ (n = Dd)
soS =at+ar+dr+ar+2dr
+ar' + (n—1)dr™! ..(1)
sorS =ar+ar’ +dr’ + ar’ Y2dr + ..

+ar + (n -1)dr ..(i0)

Subtracting (ii) from (i) we get




S —rS =a+dr+dr+..dr' —ar'—(n-)dr
nS (I=r)=a+dr+dr+ ..
+dr' - [a + n(n-1)d]r

l_rnfl
(1-r)

S, (1-r)=a+dr [ J—[a-k(n—l)d]r”

a dr(1=rY  [at(n—1)d]r
(I-r? 1-r

n - 1-r
(r#1)
Note that, sum to infinity of A.G.P. is
a dr
1=r © (1-rp

( SOLVED EXAMPLE j

Ex 1) Find t_and the sum of n terms of
1,4,12,32,80,192, ...

Solution: Given sequence can be written as

1x1, 2x2, 3x4, 4x8, 5x16, ...

We observe that first factors in each term 1, 2, 3,
4,5, ...areinA.P.witha=1,d=1

and the second factors in each term 1, 2, 4, 8, 16,
...arein G.Pwithr=2
sot=[a+ (n— 1)dJrm!
=[1+(n— 2" =n2""!
We know that S of A.G.P. is given by

a (1=rY  [at(m—1)d]r
STt oy e (D
Substituting the values of a,d,r we get ,

1 (121 [I+(n—1)1]2"
S, = T2t 1270 T

1
S, = {+2(1-20)+n. 2

S, = —1+2-2"+n.2"
= 1-2"+n 20
= 1-2°(1-n) = 1+ (n-1) 2.

( EXERCISE 2.5 J

1) Find S of the following arithmetico —

geometric sequences

1) 2,4x, 6x% 8x%, 10x%, ...

i) 1, 4x, 7x%, 1023, 13x4, ...

1) 1, 2x3,3x9, 4x27, 5x81, ...
iv)) 3, 12, 36, 96, 240, ...

2) Find the sum to infinity of the following

arithmetico — geometric sequence

—_—
D) 9 e

\S)

o1

—

i 3,69 12 15

575
6
© 5725 1250 6250

-4 7 -10
111) 1’ 3 2 9 3 27

Properties of Summation

DSk = KD k£0
r=1 r=1

where k is a nonzero constant.

n n

ii) Z (a+b)=> a+ D, b
r=1 r=1 r=1
iii) Zn: I=n
1
V) Yk=k Yl=kn, . k#0
1 1
Result: 1) The Sum of the first n natural numbers

4 n (n+1)
r=1 2

Result 2) The Sum of squares of first n natural
numbers

B Z”: ,_ n(nt1)(2ntl)
r=1 ! 6




Result 3) The sum of the cubes of the first n 50

C n(n+1) ? :z (4r=1)
natural numbers = Z = ( 5 ) !
—1 50 50
. =D 4r-)1
The above results can be proved using r=l r=1
i i SRS 50(50+1
Mathematical Induction. (Chapter No. 4) _ 42 r_z | =4 x ( : ) _50
r=1 r=1
ESOLVED EXAMPLESj —2x50>51=50
=50(2x51-1)
Ex 1) Evaluate Z 8r—7) =>0(101)
r=l =5050.
Solution - Z; ®r=7)= ,Zz;gr_ Z; 7 Ex4)Find 1 x5+3x7+5x9+7x 11
n n ... upto n terms.
8 Y -7 D 1-8 (Mj—m
r=l r=l 2 Solution : Note that first factors of each term
=4 (n*+n) —7n = 4n* + 4n —7n = 4n’-3n. 1,3,5,7,...are in A.P. with a =1, d=2.
t=a+(r-1)d=1+(r-1)2=2r-1.
Ex 2) Find 32 +4%+ 5° + ... +29. Also the second factors 5,7,9,11, ... are also in
Solution: 3% +4*+ 52+ ...+ 29? A.P.witha=5,d=2.
=(17+ 22+32+...+29?) - (12 +2%) t=5+(-1)2=5+2r-2=2r+3
29 2 n
Se-Y e WS = D (@2r—1)(2r+3)

r=1

_ 29(29+16)(58+1) B 2(2+1g(4+1) _ Z; 4+ ar—3)

—(29%x30%x59)/6-(2x3x5)/6 ) o
= (29 x 5% 59) 5 4ZIr2+421r—Zl3

=5029x59-1)=5(1711-1)
n(n+1)(2n+1) n(n+1)

Ex 3) Find 100> — 99> + 982 - 972 + ... + 22 —1?
Solution : 100> —-99%+982—-97>+ ...+ 2212

=n [2(n+1)3(2n+1)} +2n(nt+l)—-3n

= (100> +98 +96*+ ... +22)—(992+ 97> + n
=?[2(2n2+n+2n+1)+6(n+ 1)-9]

952+ ...+ 12)
50 50 n

=D Q- 2r—1y =3 [(4n*+ 6n+2) +6n - 3]
r=1 r=1

50
n
=D (4r-4r+4r-1) =3 (4n>+ 120 1)
r=1




2.8 Power Series

Some functions can be expressed as infinite sums
of powers of x. They are called powers series.

Some examlpes of Power Series are,

xZ x3 x4

X

1) e =1+1—!+T+ﬁ+ﬂ+...
XX X

2) sinx =xX—3rtE AT T

3) cosx =1-— 2—!+ﬂ—6—!+...
L x , x x x_“
5) Iflx| <1 then
2 x X
log(l+x)=x—7+T—T

The proofs of the equations given above are
obtained at more advanced stage in mathematics.

[ EXERCISE 2.6 J

1) Find thesum Y, (r+1) 2r—1)

r=1

2) Find Y, (3r2—2r+1)

r=1

o (1+243...
3 Fmdz(M]

n (P2
4) FindZ[ " j

5) Findthesum5x7+9x 11+ 11 x3+ ... upto
n terms.

6) Find the sum 24+4% + 6>+ 8%+ ... upto n terms.

7) Find (70° — 69%) + (68°~6T°)+(66°~65%) + ...
+(2-12)

8) Find the sum 1x3x5 + 3x5x7 + 5x7x9 + ... +
n (n+1) (nt+4)

1%x2+2x3 +3x4 +4x5+ ... upto n terms

9) If
1 +2+3+4+.. upton terms

= 13&, find n.

10) If S,,S,and S, are the sums of first n natural

1272
numbers, their squares and their cubes

respectively then show that -
9S7 =S, (1+88)).

’—WLH'S Remember

1) ForAP.t =a+(n-1)d

a(r"—1)
(r=1)

xty
3) A.M. of two numbers A=""75

2) For GP.t=ar"", S =

4) G.M. of two numbers G = \/E

2xy
xty

5) H.M. of two numbers H=
6) G?’=AH

7) Ifx=ythenA=G=H
8) Ifx#y then H<G<A.

MISCELLANEOUS EXERCISE - 2

(I) Select the correct answer from the given
alternative.

1) Thecommonratio forthe G.P. 0.12,0.24,0.48,
is —

A) 0.12 B) 02 (C)0.02 D)2.

2) The tenth term of the geometric sequence

1 -1 .

T, 7, 1, —2, 1S —

A) 1024 B) —— ) -128 D)——t
) ) 1024 ) - ) 128




3)

4)

5)

6)

7)

8)

9)

10)

t 1458
If for a G.P. t_j =54 then r =2
A)3 B)2 CO1  D)-l

Which term of the geometric progression
1,2,4,8, ...1s 2048.

A)10% B)11*  C)12"  D)I13®

If common ratio of the G.Pis 5, 5" term is

1875, the first term is -

A) 3 B)5 C)15 D)-5

21
The sum of 3 terms of a G.P. is ? and their

product is 1 then the common ratio is —

A) 1l B)2 04 D)8
Sum to infinity of a G.P. 5 ,— é, é , — E ,
5 2 4 8
—, ... 18—
16

1 10 3
A)S5 B)- — C) — D) —
) ) 5 ) 3 )10
The tenth term of H.P. 2, l, 3, L, .. 18 -

9 7 19 12
1 9 5

A) — B) — C) - D) 27.
) > ) 5 ) 5 )

Which of the following is not true, where
A, G, H are the AM, GM, HM of a and b
respectively. (a, b > 0)

a+b
A)A= 2 B) G= Jab
C)H= 2ab D)A= GH
)H= a+b VA= )

The G.M.of two numbers exceeds their H.M.

by g , the A.M. exceeds G.M. by 3 the two
2

numbers are ...
A)6,15/2
0)3,12

B) 15, 25
D) 6/5, 3/2.

(I) Answer the following.

1) InaG.P, the fourth term is 48 and the eighth
term is 768. Find the tenth term.

2) Find the sum of the first 5 terms of the G.P.
whose first term is 1 and common ratio is 2

3) F G.P 4 dt 243 find th

oraGP a= — andt = ——, find the
value of r. 3 1024
n-2

4) For a sequence , if t = PI=E verify whether
the sequence is a G.P. If it is a G.P. , find its
first term and the common ratio.

5) Find three numbers in G.P. such that their
sum is 35 and their product is 1000.

6) Find five numbers in G.P. such that their
product is 243 and sum of second and fourth
number is 10.

7) Forasequence S =4 (7"-1) verify that the
sequence is a G.P.

8) Find 2+22+222+2222+ ... upto n terms.

9) Find the n™ term of the sequence
0.6,0.66,0.666,0.6660, ...

10) Find | (51 +4r-3)

r=1
11) Find Y, 1(r =3 )(r-2)
r=1
n 2 2 2 2

12) Find Z F+2°+3 +..+r

r=l1 2r+1
' P23
13) Find

r=1 (}" +1)2

14) Find2x6+4x9+6x 12+ ... upto n terms.

15) Find2x5x8+4x7x10+6x9x12+ ..
upto n terms.




1 1742
16) Find T +

terms.

1> +2° 43
_|._
2 3

+...upton

17) Find 12>+ 132+ 142+ 152+ ... 20?

1+2+3+4+5+... upto n terms _i
1x2+2x3+3x4+4x5+... upto n terms 22

18) If
Find the value of n .

19) Find (50°—49?) + (48°~47* }+(46>~45% ) + ..
+ ( 22_12 )

5
20) If 1x3+2x5+3x7+... upto n terms _ 55 find

I’ +2° +3° +...upto n terms

the value of n.

21) ForaG.P.if t,=7,t,= 1575 find a
22) Iffora G.P.t=1/3,t,=1/81 find r

n 2 r
23) Find )| (Ej ~
r=1

24) Find k so that k—1,k , k+2 are consecutive
terms of a G.P.

25) If for a G.P. first term is (27)* and seventh
term is (8)*, find S,.

26) If p*, q * and r" terms of a G.P. are x.y,z
respectively .Find the value of x%*.y*P .zP™

27) Which 2 terms are inserted between 5 and 40
so that the resulting sequence is G.P.

28) Ifp,q,r are in G.P. and p"*= q'¥ = r "7 verify
whether x,y,z are in A.P. or G.P. or neither.

29) If a,b,c are in G.P. and ax’*+2bx+c=0 and
px*+2qgx+r=0 have common roots then verify
thatpb’—2qgba+ ra> =0

30) If p,q.r,s are in G.P., show that (p*+ ¢*+ 1?)
(q* +r*+ 8% ) = (pqtqrtrs)’

31) If p,q,r,s are in G.P. , show that (p" + q"),
(q* + 1) , (r"+s") are also in G.P.

32) Find the coefficientof x° in the expansion of
e** using series expansion .

33) Find the sum of infinite terms of

4 7 10 13
l+—+—+—+—
5 25 125 625




