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9 DIFFERENTIATION
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: Nj Let's :Learn

e The meaning of rate of change.

e Definition of derivative and the formula
associated with it.

e Derivatives of some standard functions.

e Relationship between Continuity and

Differentiability.

Let's Recall

e Real valued functions on R.
e  Limits of functions.

e  Continuity of a function at a point and over
an interval.

9.1.1 INTRODUCTION :

Suppose we are travelling in a car from
Mumbai to Pune. We are displacing ourselves
from the origin (Mumbai) from time to time. We
know that the average speed of the car

Total distance travelled

" Time taken to travel that distance

But at different times the speed of the car can be
different. It is the ratio of a very small distance
travelled, with the small time interval required to
travel that distance. The limit of this ratio as the
time interval tends to zero is the speed of the car
at that time. This process of obtaining the speed
is given by the differentiation of the distance
function with respect to time. This is an example
of derivative or differentiation. This measures
how quickly the car moves with time. Speed is
the rate of change of distance with time.

When we speak of velocity, it is the speed with
the direction of movements. In problems with
no change in direction, words speed and velocity
may be interchanged.

The rate of change in a function at a point with
respect to the variable is called the derivative of
the function at that point. The process of finding a
derivative is called differentiation

9.1.2 DEFINITION OF DERIVATIVE AND
DIFFERENTIABILITY

Let f{x) be a function defined on an open interval
containing the point ‘a’. If

(f(a +0x)— f(a)j exists, then fis said to
ox

lim
5x—0

be differentiable at x = ¢ and this limit is said to
be the derivative of fat @ and is denoted by f"(a).

We can calculate derivative of ‘/” at any point x in
the domain of /.

Let y= f(x)be a function. Let there be a small

increment in the value of ‘x’, say Jx then

correspondingly there will be a small increment
in the value of y say oy .

T y+0y=f(x+0x)
L oy=f(x+0x)—y

oy=f(x+6x)-f(x) ..[ v y=[ (2]

As Oxis a small increment and 6x # 0, so dividing

o Sx)—
throughout by dx , we get Oy _ J(x+6x)— f(x)
ox ox

Now, taking the limit as dx — 0 we get

lim (51): nm[f(x”x)—f(x)j




If the above limit exists, then that limiting value

is called the derivative of the function and it is

) d
symbolically represented as, d_y
X

d_y_ [
SO dx—f(x)

We can consider the graph of flx) i.e.
{(x, y) / y = fix)} and write the differentiation in
terms of y and x

NOTE : (1) If y = f(x) is a differentiable function

of x then lim (5—)}] = Q and
=0\ 5x dx

(f(x+5x)—f(x)j
ox

A%

lim
Sx—0

(2) Let 0x =h, Suppose that

hm(f(ﬁh)—f(a)

j exists. It implies that
h—0 h

= lim
h—0"

lim
h—0"

h

(f(a+h)—f(a)j
h

(f(a+h)—f(a)j

lim

( fla+h)—f (a)j is called the Left Hand
h—0"

h Derivative (LHD)at x = a

lim (f(a th) _f(a)j is called the Right Hand
h=0 h Derivative (RHD)at x = a

Generally LHD at x = a is represented as f'(a)
or L f'(a), and RHD at x = a is represented as

J'(@)orRf"(a)

9.1.3DERIVATIVEBYMETHOD OFFIRST
PRINCIPLE.

The process of finding the derivative of a function
from the definition of derivative is known as
derivatives from first principle. Just for the sake
of convenience dx can be replaced by h.

If f{x) is a given function on an open interval, then
the derivative of f{x) with respect to x by method
of first principle is given by

fv(x):hm[f(x—'_h)_f(x)j _ Q

h dx
The derivative of y = f{x) with respect to x at x = a

by method of first principle is given by

f(a+h>—f(a)j:(d_yj

fl@= %ii%( I dx

9.1.4 DERIVATIVESOFSOMESTANDARD
FUNCTIONS

(1) Find the derivative of x"w. r. t. x. forneN

Solution :

Let f(x)=x"

fx+h)=(x+h)"

By method of first principle,

f'(x)=%i36(f(x+h2_fmj
f’(x)z%i—%(W]

[xn +"Cx" " h+"Cx" P A+ B =X )
h

L (”Clx’”h +C xR 4 "Cx " 4 h”j
- h

_1 h('CX" +"Cx"2h +"Cx"h + o+ B
) h

lim (2" +"Cx"2h +"Cox" e .. +hn")
H

w.(ash—0,h#0)
SO Ax) =X £(x) = nx!




(2) Find derivative of sin x w. r. t. x.

Solution :
Let f(x)=sinx
f(x+h)=sin(x+h)
By method of first principle,
f(x+h)—f(x)j
h

[/ = ,gig})[

J'(x) = lim >

(2x+hj . (hj
2cos .sin| —
) 2 2
lim

h—0 h

(sin(x + h)—sin xj

sin ﬁ
+hj . 2
lim

. 2x
= 2 lim cos
h—0 h—0

L sin(
= 2 lim cos(x+—} lim
h—0 2

= 2cosx(D)| L. o lim | $029 |
2 0—-0 pQ

- if f{x) = sin x, f'(x) = cosx

(3) Find the derivative of tan x w. r. t. x.
Solution:
Let f(x)=tanx
f(x+h)=tan(x+h)

From the definition,

f(X+h)—f(x)j
h

110 = ,gig(l)(

tan(x + 4) — tan x]

(0= }llg})( h

sin(x+#4) sinx

cos(x+h) cosx

= lim
h—0 h
sin(x + /4).cos x —cos(x + /) sin x
~ lim cos(x +h).cosx
h—0 h

. sin &
= lim
h—>0( h.cos(x+ h).cos xj

. (sinh) .. 1
= lim lim
h=>0\ h ) h—>0 cos(x+ h).cosx

- if fix) = tan x, '(x) = secx

(4) Find the derivative of sec x w. 1. t. x.

Solution:

Let f(x)=secx
f(x+h)=sec(x+h)

From the definition,

£'(x) = lim

h—0

(f(“h)—f(X)j
h

oo g [ sec(x +h)—secx
f(x)= }llg})( P j
1 1
lim cos(x+h) cosx

h—0 h



cos x —cos(x+ h)
= lim cos(x +h).cos x
h—0 h
. (2x+hj : (—h}
—2sin .sin| —
_ . 2 2
= lim
h—0 h.cos(x+ h).cos x

) (2x+hj
sin
2

h=>0| cos(x+h).cosx h—>0

- 25113x.(1).(1j ....... im [ S0 |
cos” x 2 0-0(  pO |

- if fix) = sec x, f(x) = secx , tanx

(5) Find the derivative of log x w. 1. t. x.(x > 0)

Solution:

Let f(x)=logx
f(x+h)=1log(x+h)

From the definition,

f(x) hm(f(x-i-h)_f(x)j

h

() = %1_% ( log(x+ h;l — log(x)J

(x+hj
log
N

N
{
=)

By

o it flx) = log x, f'(x) = i

(6) Find then derivative of a® w.r.t.x. (a > 0)

Solution:
Let f(x)=a"

f(x+h)y=a""

From the definition,

@ =jim (f(x+ - f(x)j
a(x+h) e
S'(x)= %%ETJ

’ _ x T ax—l _
f'(x)=a"loga......... {Pg})( . j—loga}

o if i) = a%, f'(x) = a*.loga




Try the following

() If 7(x)= Ln , for x # 0, neN, then prove that
X

, n
S(x) = —W

(2) If f(x) =cosx, then prove that
f'(x)=—sinx

(3) If f(x) =cotx, then prove that
f'(x) =—cosec’x

(4) If f(x)= cosec x, then prove that

f'(x) =—cosecx.cot x

(5) If f(x)=¢", then prove that f'(x)=¢"

( SOLVED EXAMPLES)

Ex. 1. Find the derivatives of the following from
the definition,

() ~x (i) cos (2x+3) (iii) 4° (iv) log(3x-2)
Solution :
(i) Let f(x)=+x

fx+h) =x+h

From the definition,

1) = hﬁo(f(ﬁhz—f(ﬂj

7'(x) = lim (@_&]

h—0

lim
h—0

(m s \/—hfj
h Jx+h+x

~ lim x+h—x
S (x4 +%)

h
= i
hgl})[h(\/x+h+\/§)J
- }z%[m+\fj [As h=>0, h # 0]
L
2x
(i) Letf{x)=cos (2x+3)

flx+h) = cos (2(x+h)+3) =cos ((2x+3)+2h)

From the definition,

f@)lm{f@+2‘f@q
fx) = 11_1)% [ cos[(2x+3) + 2hh] —cos(2x + 3))
. —2sin (2(2x+23)+2hj Sll’l(h)
- :
. (—2sin(2x+ 3+ h)sin(h)
= Jim : ]

= lim[-2sin(2x +3+ /)] lim (Sm hj
h—0 h—0{ }

= [22sin2x+3)](1)....... [ lim ( sin 0 j - 1}

0

_  —2sin(2x+3)

(iii) Let f(x)=4"
4x+h

f(x+h)=

From the definition




o Jfx+h) - f(x)
f(X)—,%g})( P j

, ) 4x+h _ 4)(
f@»¢gﬂ——;—{

X/ ah
— lim (M)
h—0 h

h —
= 4" lim [4 lj
h—0 h
x —
=4 log4...... [ lim ( a
x—0 X

(iv) Let f(x)=

Joud

log(3x—2)
f(x+h)=log[3(x+h)—2]=log[(3x—2)+3A]

From the definition,

S(x+h)— f(x)
f(x)= hm( . j

() =1 ,

. ( log[(3x —2) +3h]—log(3x — 2)j
—0

log((3x—2)+3hj
3x-2

Ex. 2. Find the derivative of f{x) = sinx, at
X=r
Solution:
f(x)=sinx
fim)=sint=0
f(m+h)=sin(r +h)=—sinh

From the definition,

fw)lm{fw+2—fmq

f(ﬂ')_ hm[f(ﬂ-i-h)_f(ﬂ)J

h—0 h
) —sinh—0 . sin/
= lim| ——— |=lim| -
h—0 h h—0 h
. ( sin /& )
= —lim
h—=0\ |

1 [ lim (Sme j - 1}
00\ @
Ex. 3. Find the derivative of x* + x+2 ,at
x=-3
Solution :
Let f(x)=x>+x+2

Forx = -3, fi-3)=(3P-3=9-3+2=8

F(=3+h)=(=3+h)*+(=3+h)+2
=h?—6h+9-3+h+2=h>—5h+8

From the definition,




fia)= }lli_%(f =y (“)] lim{h(f SAL (a)ﬂﬂ}gg[hf'(a)]

h =0
_ — f(— li _ = =
f,(_3):}ligb(f( 3”2 S 3)) am [fla+h) = fla)] = 0[f ()] =0
o lim fla+h) = fla)
— i W . . . -
= jm ; This proves that f{x) is continuous at x = a.
Hence every differentiable function is continuous.
2
= lim ( h - Shj Note that a continuous function need not be
h=>0 h differentiable.
_ 1 h(h—-5) This can be proved by an example.
Ex.: Let f(x)= |x| be defined on R.
— }lli_r)%(h—S) ...... [h—0,h#0] f) = -x  for x<0
_ s = x for x>0

Consider, lim f(x)= lim (-x)=0
x—0" x—0"
9.1.5 RELATIONSHIP BETWEEN
DIFFERENTIABILITY AND lir{)l+ f(x)= lir8+(x) =0
CONTINUITY = i

Theorem : Every differentiable function is For, x =0, fi0) =0

continuous. lim f(x)= 1im+ (x)= f(0)=0

Proof : Let f{x) be differentiable at x = a. =0 =0

Then, /()= im fla+h)-f@) 1) Hence f(x) is continuous at x‘= 0. | |
h—0 h Now, we have to prove that f{x) isnot differentiable

atx = 0i.e.f'(0) doesn’t exist.

we have to prove that f{x) is continuous at x = a. )
1.e. we have to prove that,

i.e. we have to prove that lim f(x)= f(a)
Xx—a

hm( f(0+h)—f(0)j B hm{ f(0+h)—f(0)j
Letx=a+ h, x—a, h—0 h—0 h h—0 h

We need to show that We have, L. H.D.atx=0, is /'(0")

li -

hl_l;ro1 f(a+h) f(a) B hm (f(o_l_h)_f(o)J

The equation (1) can also be written as h—0~ h

. flath)—f@))_, . T e T

%,IEE}( h = lim f(a) P e A

As h—0, h#0 f'oy)y=-1 . )
Multiplying both the sides of above equation by Now, R.H.D.atx=0, is f'(0%)

h we get




. (f(0+h)—f(0)j
h—0* h
. h ,
= (Zj = Jm. ()
107 = 1.......... (II)
Therefore from (1) and (II), we get
J'(07)= f'(0) that is

. (f(0+h)—f(0)j¢ . (f(0+h)—f(0)j
h—0~ h h—0" h

Though f(x) is continuous at x = 0, it is not
differentiable at x = 0.

E SOLVED EXAMPLESj

2

Ex. 1. Test whether the function f(x)=(3x—2)3

is differentiable at x = —

Solution :
2

Given that, f(x)=(3x-2)°
F(a)= llm(f(a+h)_f(a)j

h—0 h

2
Note that f(g) =0

For, xzz,f'(zj: lim

This limit does not exist.

.. flx) 1s not differentiable at = 2
3

Ex. 2. Examine the differentiability of
f(x)=(x-2)|x-2| at x=2

Solution : Given that f(x)=(x— 2)|x - 2|
Thatis f(x)=—(x-2)* for x<2

= (x-2)* for ¥22

h
_ 1.m(—(zﬁuh—zf—(z—zf}

Lf'<2):hlin3(f(2+h)_ﬂ2))

llm{ hzj— hm? h)
>0 h h—0
Lf'2) = 0

Rf'(2) =

f(2+h) 72 j

2+h- 2) -(2-2)
h—>0*

- [ " )—,}Lna )
Rf'(2) = 0
So, Lf'(2) = Rf'(2)=0

Hence the function f{x) is differentiable at x = 2.




Ex. 3. Show the function f (x) is continuous at
x =3, but not differentiable at x = 3. if

filx) = 2x+1 for X<3
= 16-x*> for x> 3.
Solution : f{x) = 2x+1 for X<3

= 16-x° for x> 3.

Forx=3, f3) = 23)+1 = 7
lim /()= lim(2x+1)=2(3)+1=7
lim f(x) = lim(16 -x*) =16 -3 =7
lim f(x)= lim f(x)=/()=7

.". fix) is continuous at x = 3.

f(3+h)—f(3))

o (L8

_ 1im(2(3+h)+1—7]
h—0 h
. (6+2h+1—7j
= llm _——
h—0 h

= lim (%j = lim(2)

h—0\ h h—0

Lf'(3) = 2

- g 2410

. [16—(3+h)2—7j . [16—9—6h—h2—7j
lim| ———————— |=lim
h—0 h h—0 h

- b G- o)
Rf'(3) = -6

from (1) and (2), Lf'(3) = Rf'(3)

.. fix) is not differentiable at x = 3.

Hence f(x) is continuous at x = 3, but not
differentiable at x = 3.

Ex. 4. Show that the function f{x) is differentiable
atx=-3 where, f(x)=x"+2.

Solution :

For x = -3, f’(_3):}1!i_r>%(

f(—3+h)—f(—3)j
h

2
NEGEY)) +2—11J
h—0 h

h
. (h2—6hj
_ lim
h—0 h
— lim(h=6)  (-+h—0,h#0)
——6

f'(=3) exists so, f{x) is differentiable at x =— 3.

( EXERCISE 9.1 J

(1) Find the derivatives of the following w. r. t. x
by using method of first principle.

(a) x*+3x-1 (b) sin (3x)
(c) e (d) 3 (e) log(2x+5)
() tan (2x +3) (g) sec ( 5x —2)

(h) xJ/x

(2) Find the derivatives of the following w. 1. t. x.
at the points indicated against them by using
method of first principle

(a) V2x+5atx=2 (b)tanx at x=7x/4
(c) 2*atx=2 (d) log(2x+1) atx =2

(e)e* *atx=2

(f) cosx atx = 57?




(3) Show that the function f is not differentiable
atx = -3,

where flx)=x>+2 for x<-3

=2-3x for x>-3

(4) Show that f(x)=x"is continuous and
differentiable at x = 0.

(5) Discuss the continuity and differentiability of
i f(x)= x|x| atx=0
(ii) f(x)=(2x+3)|2x+3|atx=—13/2

(6) Discuss the continuity and differentiability of
fix)atx=2

f(x)z[x] if xe[0,4).

greatest integer ( floor ) function]

[where [*] is a

(7) Test the continuity and differentiability of
fix)y =3x+2 ifx>2

= 12-x*if x<2 at x=2.

@) If fix)y = x<rm/2
=2x—-m+1 if x> /2. Testthe continuity
and differentiability of fatx=7/2

sin x — cos x if

(9) Examine the function

X

f(x):xzcos[l),forx;to

=0, for x = 0

for continuity and differentiability at x = 0.

9.2 RULES OF DIFFERENTIATION
9.2.1. Theorem 1. Derivative of Sum of functions.

If uand v are differentiable functions of x such

that y=u+v thend—y=@+ﬂ
> dx dx dx

Proof: Given that, y=u+v where uandvare

differentiable functions of x

Let there be a small increment in the value of
x say Ox then uchanges to(u+d6u)and v

changesto (v+dv)respectively, correspondingly
y changes to (y+3y)

" (y+5y) = (u+5u) + (v+5v)
Loy = (u+5u) + (v+5v) -y
Loy (u+5u) + (v+5v) - (u+v)

[~y =u+v]
“O0y=0u+ov

As Oxissmall incrementin x and ox =0,
dividing throughout by x we get,

Q_5u+5v_5_u+ﬂ
ox ox ox Ox

Taking the limit as ox — 0, we get,

. oy ) ou ov
lim | = |= lim | —+—
5x—0 6x o6x—0 5x 5x

Since u and v are differentiable function of x

- lim (‘”’j:@ and lim (ﬁj—@ )
ox—0

5 dx sx-0\ §x ) dx
fim (92 )29 4V [From (1) and (11)]
6x—>0\ ox X dx
ie. _du_ dv
dx dx dx

9.2.2 Theorem 2. Derivative of Difference of

functions.

If uand v are differentiable functions of x such
dy du dv

that y=u—v then — =
’ dx dx dx

[Left for students to prove]




Corollary If wu,v,w....are finite number
of differentiable functions of x such that
y=kuthkythkwt .

dy k@+k @+k dw

dc  dx o Cdx dx

then

9.2.3 Theorem 3. Derivative of Product of
functions.

If u and v are differentiable functions of x such
dy dv  du

that y = uy. then —=u—+v—
dx dx  dx

Proof : Given thaty =uv

Let there be a small increment in the value of x,
say Ox, then u changes to(u + &u)and v changes
to  (v+0v)respectively, correspondingly y
changes to (y+6y)

L ytéy =
Loy = (u+5u)(v+5v) -y

(u +5u)(v+5v)

0y = uv tudv+vou+oudv — uv

0y =udv+vou+oudv

As Oxis small increment in X and 6x # 0,
dividing throughout by 6x We get,

5_y _udv+véu+oudv Q_’_ & oudv

= vV—+
ox ox ox ox Ox

Taking the limit as ox — 0, we get,

. oy : ov  Odu oudv
Im| —=|=lm|y—+v—+
ox ox Ox

u lim (ﬁj+v lim (5_uj+ lim (5_@1) lim (5v)
ox—=>0\ 5x ox—=>0\ Sx ox—=>0\ §x /6x—0

As ox—>0, weget ov—>0

. oy . ov . ou
Iim | —= |=u lim | — |+v lim | —
ox—0 6x ox—0 5x ox—0 6_x

Given that, u and v are differentiable functions of x

. ou du . ov dv
Solim | —|=—and lim | — |=— )

lim [0 )2y @2y A, du )
6x=>0\ Sx dx  dx dx
[From (1) & (2)]
lim [ 92 ] = L0 4
6x—0\ Sx dx  dx
e A ; dv N du
dx dx  dx
Corollary If u,vandware differentiable

functions of x such that y = uvw then

dy aw dv du
=uv—+uw—+vw
dx dx dx dx

9.2.4 Theorem 4. Derivative of Quotient of
functions.

If u and vare differentiable functions of x
such that
du dv

d Ve Max

yzzwhere v # 0then 5

% dx %

Proof :

differentiable functions of x

. u
Given that, y=—, where u and v are

Let there be a small increment in the value of x
say oxthen u changes to(u+d6u)and vchanges

to (v+Jv)respectively, correspondingly

changes to(y+65y)
ytSy= u+ou
v+o0Ov




Loy lFdu_u [ vy ¥ }\
v+ov v

~v(u+ou)—u(v+0ov)  vu+vou—uyv—udv

Loy
(v+ov).w (v+ov).w
_vou—udv
4 (v+ov)v

As Oxis small increment in x and J8x#0,
dividing throughout by 6x We get,

ou  Ov
Vo —U—
_ __0x Ox
ox ox.(v+ov)wv V.oV

5_y _ vou—u.odv

Taking the limit as ox — 0, we get,

ou  ov

s Vo——U—

lim (—yj = lim | 0% Ox
6x=0\ ox ) x>0 v +vv

2 .
V4. 51V1§0(6 V)

Since, u and v are differentiable functions of x

. ou du ) ov dv
lim | —|=—and lm | — |[=— ... ()
ox—0 6_x dx ox—0 5x dx

du dv
V.——U.—
lim (5_)/] _ _dx  dx ..[From(l)and(2)]
Sx—>0\ Sx V2 +1.(0)
du dv
a9V
lim (6_};) — dx dx
ox—0\ &x vz
du dv
y— —y—
1. d_y: dx dx
dx v2

( SOLVED EXAMPLES)

Find the derivatives of the following functions

3
Ex.1.1) y= x? + logx — cosx
e -5

2) fix) =x° cosecx + Jx tanx y= e

4 X Sin x
)y = x+sin x

Solution :

3
1) Given, y= x*+ logx — cosx
Differentiate w.r.t.x.

dy d 3
22 (x? + logx — cosx)
dx

dx
-4 (x%)+—d (logx) —d( )
dx dx s dx o
I R
=5 X +x—(—s1nx)
dy _ 3 I
E—E VX +;+smx

2) Given f(x) = x° cosecx + Jx tanx

Differentiate w.r.t.x.

d
Jo= (x° cosecx + Jx tan x)
X
d d
= — (¥’ cosecx) + — (\/; tan x)
dx dx

d d
=x° x— (cosecx) + cosecx x o (x°) +
X

dx
d d
Jx x— (tan x) + tan x x — Jx
dx dx

= xx (—cosecx x cotx) + cosecx x(5x*) +

Jx x (sec’x) + tan x x (ﬁ)




= —x° cosecx.cotx + 5x* cosecx +

1
J ) + t
x % (sec’x) s an x

) e -5
3) Giventhaty= [ "+5j
e

Differentiate w.r.t.x.
& _d (s
dx dx \e"+5

_(ex+5)><;i(e"—S)—(ex—S)x;i(eanS)

(e +5)

_ (e"+5).(e")—(e' =5).(e")
(e*+5)°

e +5(e")—e* +5(e")
(e +5)

B 10e”
(e +5)2

X Sin x
Y~ Y+sinx

4)

Differentiate w.r.t.x.,

dy d ( xsin x j

dx dx \ x+sinx

(x+sinx)><i(xsinx)—(xsinx)xi(x+sinx)
dx dx

(x+sin x)’

(x+sinx)x (xd (sin x) +sin xi (x)) —(xsinx).(1+cosx)
dx dx

(x+sinx)?

(x+sin x).(x cos x +sin x) — (xsin x).(1+cos x)
- (x+sin x)?

X’ cosx+xsin x +xsin xcosx +sin’ x — xsin x — xsin x cos x

(x+sin x)’

x* cosx+sin’ x

(x+sinx)’

Ex. 2) Iff(x)=ptanx+qsinx+r,f(0)=—4\/§,

r (%j: _7\/§’f’ (%j: 3 then find p, ¢

and r.
Solution :
Given that flx)=ptanx+gsinx+r (1)
f'(x) =psec’x+qcosx ..(2)
f0)=~43

putx=0in (1)
f0)=ptan0+¢gsin0O+r=r r=—43

f@j;%@,

T T
.. from (1) p tan (EJ + ¢ sin (gj +r=-743

p3+q %—4[ =73 . 2p+q=-6..(3)

T
r(3)-s
T

T
.. from (2),psecz[§j + gcos [?j =3

4p+%=3 L 8ptq=6 (4
(4)—(3)givesbp=12 . p=2,putp=21in(3),
wegetg=-10 .. p=2,g=-10andr=—-4+/3

9.2.5 Derivatives of Algebraic Functions

Sr.No. f(x) ')
01 c 0
02 G nx"™!
03 1 o

x” xn+1
04 N 1
2Jx




9.2.6 Derivatives of Trigonometric functions

StNo. | y=f(x) dy/dx = f"(x)
01 sin x COS X
02 COS X —sinx
03 tan x sec’x
04 cot x — cosec? x
05 sec x sec x tan x
06 cosec x — cosec x cot x

9.2.7 Derivatives of Logarithmic and
Exponential functions

StNo. | y=f(x) | dy/dx=1"(x)
01 log x 1/x
02 e &
03 a a*log a
( EXERCISE 9.2 J

() Differentiate the following w.r.z.x

1))
2)

3)

4)

5)

6)

4
y=x’+e' —sinx

y= Vx + tan x — x°

3
y=logx—cosecx + 5 ——%
x2
7 45
y=x+5x5 -7
x5

2
y=T+x"- Exx/;—logx+77

| &

y =3 cotx — 5e* + 3logx —

AW

X

(I) Differentiate the following w.r.t.x.

1y
2)
3)
4)

y=Xx°tanx
y=x*logx
y=x*+2)*sinx

y=e"logx

(111

v)

V)

6) y= logex3log X
Differentiate the following w.r.t.x.

1) y=x? Jx +x*logx

5

2)  y=e'secx —x3 logx

3) y=x4+x\/;cosx—xze"

4) y=(@*-2)tanx—xcosx+ 7°x’
5)  y= sinx logx + ¢* cosx — e*vVx

6) y=etanx + cosx logx — Jx 50

Differentiate the following w.r.t.x.
x*+3
1) y - x2 _ 5
5 B \/; +5
) Y NP
xe*
S x+e'
xlog x
4= x+logx
5 ~ x’sinx
) r= X+cosx
6 B S5e¢" —4
) y= 3€x _ 2

(1) If fix) is a quadratic polynomial such
that f{0) =3, f'(2) =2 and f'(3) = 12
then find f{x)

T
(2) Iffix)=asinx—bcosx,f" (Zj -2
and /" % — 2, then find f(x).

Fill in the blanks. (Activity Problems)

y = e'.tanx

diff. wrt.x.




i = 4 (e tan x)
dx dx

d d
=|:|d—tanx+tanx—|:|

ix dx
=][J+tanx
=" [O0+0]
5 B sin x
( ) y_x2+2
diff. wrt.x.

O i(sinx)—sinxilj
@_ dx dx

dx (x> +2)°
:Ij[l—sinx[l
(x> +2)
_o-d

(x* +2)°

3) y=0Bx*+5)cosx

Diff. w.rt.x
dy d
s E[(?»xz +5)cosx]
:(3x2+5)%[ O ]+cosx%[ 0]

:(3x2+5)[ O J+cosx|[ O ]
dx

d—y:(3x2+5)[ O ]+[ O Jeosx

4)  Differentiate tan x and sec x w.r.t.x. using

the formulae for differentiation of X and L
v v
respectively.

Brief idea of L’ Hospital Rule
Consider the functions flx) and g(x),
If limfAy)y = 0 and M gx) = 0 and if

£1_r)r3 f'(x) = p and lim g'(x) = g where ¢ = 0

xX—a

) 1@ _p
then e g0 g

It !}Eg} g'(x) =0, then provided

lim £1y) =0, we can study lim &
x—a f( ) ’ y x—a g'(X)

using the same rule.

Ex.1: hm(smzx]

x—0 X

Here f{x) = sinx lim fix)=0and

> x>0
gv) =22, M g(x) =0

F'(x)=cosx, IM £1(x)=cos0=10

x—0
g(x)=2x, M ¢'(x)=2(0)=0

Since l}g} g'(x) = 0. L’ Hospital Rule cannot

be applied.

lim x2=Tx+10
EX’Z:X—)Z x2+2x_8

Here fix) =x*—"7x+ 10, }}Ezl fix)=0and g(x)
=x+2x -8 1M o) =0

[0 =2x-7, 1M () =22) - 7=-320

x—2

g() =2x+2, M o(x) =2(2) +2=6 %0,

X

So L ‘Hospital’ s rule is applicable.

| xP=7x+10
. lim ——
x +2x-8

’—%%Let's Remember

e flx)is differentiable at x = a if

Lf'(a) = Rf'(a)




D

)

Derivative by First Principle :

[ = %}E} fx+h)—fx)

Derivatives of standard functions :

_ day _
y _f(x) dx _f (x)
c(constant) 0
I nx"!
1 _n
I el
1
= 0
2Jx
sin x COS X
COS X —sin x
tan x sec? x
cot x —cosec? x
sec x sec x tan x
CcOsecx —cosecx cot x
1
log_ x -~
log x 1
xloga
e* e*
a* a*loga
utv u £
uy uv' +u'v
u vu'—uy'
v V2

given alternative.

x—4
Ify= W,then

MISCELLANEOUS EXERCISE-9

Select the appropriate option from the

dy
dx

gy Y
®) (Jx+2)

X
(D) 2y

2)

3)

4)

S)

6)

ax+b

&Y
Ifty= ., then o

ab—cd ax—c
(A) m (B) (ex+d)

ac—bd ad —bc
c) de=bd D)
O aray P lavay
- 3x+5 N @ B
VT gpgso then o T
15 15

(A) “Grrsy (B)  (4x+5y

C) ~ > D ——13
- Ssinx—2 " Q B
Y= 4sinx+3’t en dx

A) 708 X ®) 23cosx
(4sinx+3)’ (4sin x +3)?

B 7cosx
(4sinx +3)°

15cosx

©  (4sinx+3)

(D)

Suppose f(x) is the derivative of g(x) and g(x)
is the derivative of /(x).
If A(x) = asin x + bcos x + ¢ then flx) + h(x) =

(A)0O (B)c (C)—c (D) —2(asin+ b cosx)
Iffix)y=2x+6 for0<x<2

=ax?+bx for2<x<4

1s differentiable at x = 2 then the values of

a and b are.
3
(A) a=—=,b=3 (B)a:E,b=8
1
(C)a=5,b=8 (D) a=—-=,b=38




7)

8)

1))

(1

2)

)

Iffilx)y=x*+sinx+1 forx<0
=x>-2x+1 for x < 0 then

(A) f is continuous at x = 0, but not
differentiable at x = 0

(B) fisneither continuous nor differentiable
atx=0

(C) f is not continuous at x = 0, but

differentiable at x = 0

(D) fis both continuous and differentiable

atx=0
xSO x49 48 x2
If, =t —t—F.+—+x+1
S PTIT ) YT
then f'(1) =
(A)48 (B)49  (O)50 (D)5l

Determine whether the following function is
differentiable at x = 3 where,

fo=x"+2
=6x -7 |,

for x>3
for x<3.
Find the values of p and q that make

function f{x) differentiable everywhere on R

f(x)=3-x , for x <1
=px’ +gx , for x>1.

Determine the values of p and ¢ that make
the function f{x) differentiable on R where

for x<2

f(x)=pxc*,

=x"+q , for x>2.

L)

4

L)

4)

()

(6)

(7)

Determine all real values of p and q that
ensure the function

f(x)=px+gqgfor, x<1

=tan (%j, for 1 <x <2 is differentiable at
=1.
Discuss whether the function

f(x)= |x + 1| + |x - 1| is differentiable Vx € R

Test whether the function
f(x)=2x-3 for x>2
= x—1,for x<2

1s differentiable at x = 2.

Test whether the function

f(x)=x"+1 for x>2
=2x+1, for x <2

1s differentiable at x = 2.

(8) Test whether the function

)

f(x)=5x-3x" for x>1
=3—x,for x<1

1s differentiable at x = 1.
Iff(2) =4, f'(2) =1 then find

[Xf(2)—2f(X)}
x=2

lim
x—2

X

10) Iy = = find 2 whenx =1
) Ify Ix ndxwenx .

o0




