Trigonometry - 1

@E\k Let's Study

e Trigonometric functions with the help of
unit circle

e  Extensions of trigonometric functions to any
angle

e Range and Signs of trigonometric functions
in different quadrants

e Fundamental Identities and Periodicity of
trigonometric functions

e Domain, Range and Graph of each

trigonometric function

e  Polar Co-ordinates

2.1 Introduction

Trigonometry is a branch of Mathematics that
deals with the relation between sides and angles
of triangles. The word ‘trigonometry’ is derived
from the Greek words 'trigonon' and ‘metron’.
It means measuring the sides of triangles. Greek
Mathematicians used trigonometric ratios to
determine unknown distances. The Egyptians
used a primitive form of trigonometry for building
pyramids in the second millennium BC. Greek
astronomer Hipparches (190-120 BC) formulated
the general principles of trigonometry and he is
known as the founder of the trigonometry.

We are familiar g
with trigonometric |
ratios of acute angles a |
in right angled triangle. &=
We have introduced |
the concept of F
directed angle having '§
any measure, in the :
previous chapter. We

shall now extend the definitions of trigonometric
ratios to angles of any measure in terms of co-
ordinates of points on the standard circle.

Iﬁ Let's Recall

We have studied that, in a right angled
triangle if measure of an acute angle is '0', then

adjacent side
, 080 = ———
hypoteneous

opposite side

sinf = hypoteneous

opposite side

tan) = adjacent side

. (see fig 2.1 (a))

secH =

Also, cosec = — ,
sinf

cosO

cotd =

’% Let's Learn

2.1.1 Trigonometric functions with the help of
a circle:

tanQ -

Trigonometric ratios of any angle

We have studied that in right angled A ABC,
'0' is an acute angle

1 B
P(x.)
2 7
E 0"
g O xM JA
%
C adjacentside B !
Fig. 2.1(a) Fig. 2.1(b)




adjacent side BC
cosf=————=—
hypotenecous AC

Sing = opposite side _ AB

hypoteneous AC

We will now extend this definition to any
angle 0, consider 0 as directed angle,

Let '0' be an acute angle. [See fig. 2.1 (b)]

consider a circle of radius 'r' with centre at
origin 'O’ of the co-ordinate system.

OA is the initial ray of angle 6,

OB is its terminal ray.
P(x,y) is a point on the circle and on ray OB.
Draw PM L* to OA.
. OM=x, PM=yand OP =r.

using A PMO we get,
cosG=O—M:£, 9=—=X,
r r

then we define

X x —co-ordinate of P
cosd = — = — —

r Distance of P from origin
ing = 2 - y —co-ordinate of P

r Distance of P from origin
and 72 = x? + )?
Hence, cos*@ + sin’0 = 1

For every angle '0', there is corresponding
unique point P(x,y) on the circle, which is on the
terminal ray of '0', so trignometric ratio's of 0 are
also trignometric functions of '0'".

Note that : 1) Trignometric ratios / functions are
independent of radius 'r'.
2) Trignometric ratios of coterminal
angles are same.

We consider the circle with center at origin
and radius 7. Let P (x,y) be the point on the circle
with mZMOP =6

Since P lies on the circle, OP = r

Jxi+yt =T
The definitions of siné, cosfd and tand can

now be extended for € = 0° and 90° < 6 < 360°.
We will also define secd, cosecd and cotb.

Every angle 6, 0°< 0 < 360°, determines a
unique point P on the circle so that OP makes
angle 0 with X-axis.

The pair (x,y) of co-ordinates of P is uniquely
determined by 0. Thus x = rcosf, y = rsind are
functions of 4.

Note :

1) If P (x, y) lies %
on the unit circle
then cosfd = x
and sind = y.

P (x, y) = P(cosb),
sinf)

2) The trigonometric
functions do not Y
depend on the
position of the
point on the terminal arm but they depend
on measure of the angle.

Fig. 2.2

Point P(x,y) 1is
on the circle
of radius r and
Q (x'p") is on the
unit circle. .

Considering
results on similar
triangles. v

' y Y Fig. 2.3
s =", =71,

Sy =rsinf

y!' = sinf and

{

X X
cosd =" =7 ,x=rcosf x'=cosl




2.1.2 Signs of trigonometric functions in
different quadrants :
Trigonometric functions have positive or
negative values depending on the quadrant

in which the point
P(x, y) lies. Let Y
trigonometric
ratios in different
quadrants. If the
angle 0 intersects v
the unit circle in
the point P(x, y),

us find signs of /\
\ O
X N X
Q
terminal arm of an
then cosf = x.

Fig. 2.4

sinf =y and tané Z%. The values of x and

y are positive or negative depending on the

quadrant in which P lies.

1) In the first quadrant (0 <6 < % ), both x and

y are positive, hence
B
K Pr.y)
0
) Q/A )

Fig. 2.5

cosf = x is positive
sinf = y is positive

tand = 2 is positive
X

Hence all

trigonometric functions

of @ are positive in the

first quadrant.

2) In the second quadrant (%< 0 <m),yis

positive and x is negative, hence

3) In the third quadrant (m < 8 < 3771 ), both x
and y are negative, hence

cosf =y is negative ”

tand = 2 is positive X' ﬂ\\ X
X 0
Hence only tané is P(x,y)/

positive sinf and cosf are

sinf = x is negative

Yl

Fig. 2.7

negative for € in the third

quadrant.

3
4) In the fourth quadrant (7n< 6 < 2m), x is

positive and y is negative, hence

sinf = y is negative v
cosf = x is positive K\
. . , 0
tand = 2_ is negative X N X
X p
: P(x,

Hence only cosé is B(x »
positive; sinf and tanf Y
are negative for 6 in the Fig. 2.8

fourth quadrant.

You can check sinfd & cosect, have the
same sign, cosf & secH have the same sign and
simillarly tanf & cotf have the same sign, when
they exists.

Remark: Signs of cosecl, secd and cotf are
same as signs of sin#, cosf) and tané respectively.

2.1.3 Range of cos@ and sinf : P(x, y) is point
on the unit circle. mZAOB=6. OP=1

cosf =y is positive Y
. . . B
sinf = x is is negative P 5) xz +y*= 2
tanf = 2~ is negative % 0 X Sx*<1 andy* <1
x o —1x s -l<x<land-1<y<l
Hence only sind is \J So—1<cosf<1and -1 <sinf<1
positive, cosf and tanf
are negative for 6 in the Y
second quadrant. Fig. 2.6
(1)




SOLVED EXAMPLE

Ex.1.Find the signs of the following :

1) sin 300° ii) cos 400° iii) cot (—206°)
Solution:
(For given 8, we need to find coterminal angle
which lies between 0° and 360°)
1)  270° <300° <360°

300° angle lies in the fourth quadrant.
sin 300° is negative.

il) 400°=360° + 40°
400° and 40° are co-terminal angles
(hence their trigonometric ratios are
same)
Since 40° lies in the first quadrant, 400°
also lies in the first quadrant.
cos 400° is positive.

1) —206° = -360° + 154°
154° and —206° are coterminal angles. Since

154° lies in the second quadrant, therefore
cot (—206°) is negative.

2.1.4 Trigonometric Functions of specific angles

: Let mZXOP = 0°.
Its terminal arm intersects unit circle in
P(1,0). Hence x=1and y = 0.

1) Angle of measure 0°

C
: Let

m £ XOP = 90°. Its terminal arm intersects
unit circle in P(0,1).

2) Angle of measure 90° or %

Hencex=0and y =1 Y
Al

wosin90° =y =1 PO, 1)

c0s90°=x=0 x KQ X
0

tan90° 1s not defined Kj

as cos90° =0

o _— .l. — .i. Y'
cosec90° = [
=1 Fig. 2.10

sec90° is not defined as x =0

(Activity) :
Find trigonometric functions of angles 180°,
270°.

3) Angleof measure 360° or (27)° : Since 360°
and 0° are co-terminal angles, trigonometric
functions of 360° are same as those of 0°.

4) Angle of measure 120° or [/ Zm)|

Let m £ XOP = 120°. Its terminal arm intersects

unit circle in P(x, ).

We have defined, Y _ ,
Draw PQ perpendicular to the X-axis
sinf =y, cosf = x ) .
A . A OPQ is 30°— 60° —90° triangle.
and tanf = A X' O P(1,J0)X
X 1 B Y
0Q = 5 and
. () — o — P(x, y)
.. sin0 0, cos0 1, v PQ = ﬁ and OP =1 1 o
d tan0° = ~-= 0 o XN 3
ana tants = e Fig. 2.9 As P hes in the second |* Q |o A
cosec0° is not defined as y = 0, sec0°= 1 and cot0° _ 1
quadrant, x = — >
is not defined as y =0
and y = ﬁ v
2
Fig. 2.11
(77




3
. sinl20° = y=£
2
120° - -k
cos = x=-7
NE}
tan120° = J = 2—
X 1
2
120° ! 2
cosec = —=
y B
N
sec120 = —=-2
X
(200 = ==
co = 5"

5) Angle of measure 225° or (Sl)

1
cosec225° = ? =— \/E
1
sec225° = S =" \/5
_ b
J2
cot225° = T =1
2

2.1.3 Trigonometric
angles:

Let P(x, y) be
any point on the unit
circle with center at

functions of negative

P(x, »)

X' / 160“ X

the origin such that
ZAOP =0.

If ZAOQ = — 6. then
the co-ordinates of Q

Yl
Let m /XOP=225°. Its 4 will be (x, ).
. . Y
terminal arm intersects By definition Fig. 2.13
unit circle in P(x,y). Draw ‘ / \ sin 6 = y and sin (—6)
- X [ oz X
PQ perpendicular to the 0 S
X-axis at Q. P(X’”/ cos 0=x and cos (— ) =x
- AOPQ 45° —45°—-90° Y
. ? Q45 =90 Therefore sin(—f) = — sind and cos(—60) = cosd
triangle. Fig. 2.12
1 1 sin(—-@) —siné
~ 0Q=-—=and POQ=—= and OP=1 tan(—6)= = =—tand
Q J2 and PQ \/5 . =€) cos(—f) cosé
1
As P lies in the third quadrant, x = — —= and
1 V2 cos(—¢) cosd
- — cot(—0)=— =———=—cotd
Y 2 sin(-@) —sin@
in225° : 1 1
. sin = y=——F=
4 2 sec(—0)= = =sect
i cos(—60) cosf
c0s225° = x=-—F
V2 1
cosec(—0)=— =———=—cosect
tan225° = -%— =1 sin(—f) —sinf
TR




6) Angle of measure — 60° or — % :

Let m £ XOP = —60°.
Its terminal arm

intersects unit circle

al
N

in P (x, y). Xs
1
DrawPQperpendicular P(x,y)
to the X-axis . . B
Y
. A OPQis 30° — 60° Fig. 2.14

—90° triangle.

J3

1
OQZE andPQZT and OP=1

As P lies in the fourth quadrant, x = % and

_ B
YT
~osin(—60°) = y=-— ﬁ
2
1
cos(—=60°) = x= 5
-3
fan(-60°) = —=_2 =_.f3
o1
2
o 12
cosec(—60°) = 5 =5
1
sec(—60°) = < = 2
1
X 2 1
t(—60° = —= —=—-—
cot( ) 7 ﬁ 7
T2

Note : Angles —60° and 300° are co-terminal
angles therefore values of their trigonometric
functions are same.

The trigonometric functions of 0° —30° —45°
60° —90° are tabulated in the following table.

Trig. Fun.
Angles e T sinO cosO
360° = 0° 0 1
- 1 5
30° = 3 2 B
. iy iy
45° = T 2 2
e V3 1
60° = 3 5 2
oo 222 1 0
90 5
180°=m 0 -1
0 o 3W
270°=3 > _1 0
(Activity) :

Find trigonometric functions of angles 150°,

210°, 330°, —45°,—120°, — —3‘—171 and complete the

table.

Trig.
Fun.
sin O [ cos O | tan O | cosecO | sec O | cot O

0
Angle

150°
210°
330°
—45°
—-120°
3n

—

— 4




SOLVED EXAMPLES

Ex.1 For 6 =30°, Verify that sin26 = 2sin0 cos0

Solution: Given 6 =30° .. 20 =60°

sin® = sin30° = %

cos0 = cos30° = 32£
$n26::ﬂn60°=-%§

1
L.H.S. =2sin0 cosO =2 x 5% Azﬁ

= ;zsmﬂ)ZRHS.

Ex.2 Evaluate the following :

1) c0s30° x cos60° + sin30° x sin60°

i1) 4c0s’45° — 3c0s45° + sin4d5°
iii)  sin®0 + sin? % + sin? % + sin? >

iv) sinn+2<:osn+3sin37n+4cos37n

—SSCCTE—6COSGC§§T£

Solution :

1) c0s30° x cos60° + sin30° x sin60°

—4 1 _ 2
22 2
-2 _2 _p
V2 2
) .ZL .zl 'ZL
i)  sin* 0 + sin 5 + sin 3 + sin >
1\2 32
ﬂw%7+g-my
1 3
=0+-—+=+1=
0 27 1=2

v) sinTch2cosn+3sin§§7£+4cos§é71

-5 sec7t—6cosec%71

=0+ 2(=1) + 3(~1) + 4(0) — 5(1) — 6(—1)
=0-2-3+0+5+6=6

Ex.3 Find all trigonometric functions of the
angle made by OP with X-axis where P is
(-5, 12).

Solution: Let O be the measure of the angle in

standard position whose terminal arm passes
through P(-5,12).

r=0P= (=5) + 12 =13

Px,y)=(5,12) . x=-5,y=12

sind = % =% cosecO = i =%
= X :_.i _ T :—E
cos0O - 13 secO . B
_ry_-12 _x
tan0 = - 5 cot O y B

Ex4 secO=—-3and t <0 < %TE then find the

values of other trigonometric functions.
Solution : Given sec § =—3
. cosf =— %
We have tan” 6 = sec’§ — 1
L tan’#=9-1=8
tan? @ = 8 and © < @ < 3%, the third
quadrant.

. tan @ = 242 Hence cotd = 1
242

Also we have, sin § = tan 6 cos 6

_ ERLE B N5
=22 3)———3
_ 3

cosecld = — —=—

22




Ex.5 Ifsecx = %, x lies in the fourth quadrant,

find the values of other trigonometric

functions.

13

Solution : Since secx = < we have cosx = 2

13
Now tan? x =sec?x — 1

(13 2 169 144
. 2 = — = oe— — T e—
C.otan” x 5) 1 75 1 33

. tan® x = 144 and x lies in the fourth
quadrant.

. — __LQ'_ = __ -i-

o tan x 5 cotx 12
Further we have, sin x = tan x X cos x

5 13 13
_ __13

And cosec x = — < B

Ex.6 If tan4 = %, find the value of

2 sin A — 3 cos 4
2sin A+ 3 cos 4

Solution : Given expression

2 sin A — 3 cos 4 5 8in 4 cos 4
: _ cos A4 cos A
2sin A+ 3 cos A= .
2Sll’lzﬁl+3cosA
cos A cos A
_2tan A4 -3
2tan 4 + 3

1
2(4j+3 !
3
Ex.7 Ifsec 0= 2, %I < @ <27 then find the

1+tan @+ cosecld
14+ cot@—cosechd

value of

1
Solution : Given secd= 2 .. cosf= f

Now tan?@=sec’d—-1=2-1=

. tan? 0 =1 and 3—2" < 6 < 27 (the fourth

quadrant)

.. tand =—1. Hence cotd =—1

Now sinf = tanf cosf = (—1) (L) - L

V2] 2

Hence cosec 0 = —\/5

I+tan +cosecd 1+(=D+(—2)
1+cos@—cosecd 1+(-1)—(—/2)

Ex.8 Ifsinf= —% and 180° <0 <270° then find
all trigonometric functions of 0.

Solution : Since 180° < 0 < 270°, 0 lies in the

third quadrant.
Since, sinO :_E ", cosecO = — é
’ 5 7 3

Now cos?0 =1 —sin?0

9 16
. 2 = — e—— T —
. cos?0 =1 55~ 75
" cosOZ—i secGZ—i
5 4
Now tan6=—Slne
cosB
. _3 . _4
o tan@ = ERE cotd = 3

EXERCISE 2.1

1) Find the trigonometric functions of
0°, 30°, 45°, 60°, 150°, 180°, 210°, 300°,
330°, -30°, —45°, —60°, —90°, —120°, —225°,
—240°, -270°, -315°

2) State the signs of

1) tan380° i) cot230°  1iii) sec468°

3) State the signs of cos 4¢ and cos4°. Which of
these two functions is greater ?




4) State the quadrant in which 0 lies if
i) sinf <0 and tan® >0
11) cosO <0 and tan6 >0

5) Evaluate each of the following :
1) sin30° + cos 45° + tan180°
1) cosec45° + cot45° + tan0°
iii) sin30° x cos 45° x tan360°

6) Find all trigonometric functions of angle in
standard position whose terminal arm passes
through point (3, —4).

7) If cosd = % 0<0< % find the value of

sin> 0 — cos®> 0 1
2 sin 6 cos 6 ° tan? 6

8) Using tables evaluate the following :
1) 4cotd5° — sec? 60° + sin 30°

.. T T T
i) cos? 0 + cos? 13 + cos? 3 + cos? >

9) Find the other trigonometric functions if
. 3
i) If cosO =3 and 180°<6<270°.

i) If secA = — 275 and A lies in the second

quadrant.

iii) If cotx= %, x lies in the third quadrant.

v) tanx = I—;, x lies in the fourth quadrant.

’g Let's Learn

Fundamental Identities

values in the domain. For example cosect = s1_i10
is true for all admissible values of §. Hence this
is an identity. Identities enable us to simplify
complicated expressions. They are basic tools
of trigonometry which are being used in solving
trigonometric equations.

The fundamental identities of trigonometry,
namely.
1) sin?0+cos’0=1,

using this identity we can derive simple

relations in trigonometry functions

e.g. cosd = t/1-sin’ O and
sinf = +/1—cos’ 0

2)  1+tan’O=sec’ 6, ifO=—

2
3) 1+cot?@=cosec’d, ifd+0

These relations are called fundamental
identities of trigonometry.

2.2.1 Domain and Range of Trigonometric
functions : Now we will find domain and
range of trigonometric functions expressed

as follows.

We now study sin 6, cos 6, tan 6 as functions

of real variable 0 . Here 0 is measured in radians.

We have defined sinf and cos 6, where 6 is
a real number. If o and € are co-terminal angles
and if 0° < a < 360°, then sin € = sina, and cos 6

= cosa. Hence the domain of these function is R.
Let us find the range sin @ and cos 6

We have, sin?0 + cos?0 = 1

2.2 Fundamental Identities : i)  Consider y = sinf where 6 € R and
A trigonometric identity represents a yel-11]
relationship that is always for all admissible
TR




The domain of sine function is R and range The domain of tané is R except

sreb A 0=@n+1ZL,
3JKY TE_ n+
2 ASH—)‘i‘,tan9—>+ooandasH—>—i—,

y =sinf

i tand — — oo.
L An 0 3 2n /\31}
W 32 w2 e W w2 X when you learn the concept of the limits you
-1

will notice.

-2

Since tanf = %, value of tanf can be any

-3

Fig. 2.15 real number, range of tan function is R.

i1) Consider y = cosf where 6 € R and

y € [_19 1]
The domain of cosine function is R and

iv) Consider y = cosect

cosecd does not exist for 8 = 0, £r, £27,
range is [-1, 1]. B
In general cosecé does not exist if 6 = nm,

v =sinx

where n € 1.

The domain of cosecf is R except 6 = nm,

\\ ) x and range is R.
\/ The domain of sine function is R and range

. is [-1, 1].
Now as —1 <sinf < 1, cosect > 1
Fig. 2.16 or cosecld < — 1.
i) Consider y = tand, tand does not exist for . The range of cosecant function is
n , 3n , 5n
=+—— += += : =R—(—
0 S ESET e {yeR:y21}=R-(-1,1)

In general tanf does not exist if 8 = v = tan x

2n+1) %, where n € 1

Y
y=cosx

1
1
1
1
1
1
1
1
1
1
1
1
X' \ o X
Tz 0 2
1
1
o 1 -
1
1
1
1
1
1
1

I
I
I
I
I
-2 |
I
I
I
I

Fig. 2.18




v)  Consider y = sect

sec does not exist for 6 = i—TZ-E-, 1%71,
+3E
2

In general secd does not exist if
0=02n+1) —72-5—, where n € I.

The domain of secf is R except = (2n + 1)

—72-5—, and range isR — (-1, 1)

Now as —1 <cosf<1,secd>1orsecd <-1
". The range of secant function is {y € R :

=1} =R~ (-1,1)

N

57[/2 37(/2 n/ZT\

i ‘\, cos()
-1 y
\ /\ )
-3

v

I31[/2 51[/2 X

Fig. 2.19

vi) Consider y = cotf
cotd does not exist for 8 = 0, +n, +2m,
+37 ...

In general cotd does not exist if § = nm,

where n € [.

Now as —1 <cosf#<1,secd>1orsecd<1

Similarly, —1 < sind < 1, cosecd > 1 or
cosecH < —1
Since cotd = 2 , value of can be any real

number, range of cot function is R.

2.2.2 Periodicity of Trigonometric functions:
A function is said to be a periodic function
if there exists a constant p such that f(x + p)

= f(x) for all x in the domain.

L =fxtp)=fx+2p)=. ..
f(x—=2p)= ...

The smallest positive value of p which
satisfies the above relation is called the
fundamental period or simply the period of f.

= fx-p) =

Ex. sin(x + 2m) = sin(x + 4m) = sinx = sin(x — 2m)
= sin(x — 4m)

Thus sinx is a periodic function with period
2.

Similarly cosx, cosecx and secx are periodic
functions with period 27.

But tanx and cotx are periodic functions with
period . Because of tan (x+mr) = tan x for all x.

The following table gives the domain, range
and period of trigonometric functions.

The domain of cotf is R except 6 = nm, and Trigono-
range is R. metric Domain Range | Period
The domain of sine function is R and range Ul ON>
is [-1, 1]. sinf R [1,1] | 2=
v _ cost R [-1, 1] 2n
» =sin (1T + x)
s
tang |R—1@n+T1D~> R T
{\ 1 :nel}
AT NV N2 cosecd | R—{nm:nel}|R—(-1,1)| 2=
T
secd |R-1CnTD73Ip_ (1,1 2=
v nel}
- cotd |R—{nn:nel} R T
Fig. 2.20
(A1)




SOLVED EXAMPLES

Ex.1 Find the value of sin %

Solution : We know that sine function is periodic
with period 2.

R 3 U | _ . T _
..SIHT—Sln(IOn 4+ —sm4 =

1
2

Ex.2 Find the value of cos 765°.

Solution : We know that cosine function is

periodic with period 2.

.. €0s 765° = cos(720° + 45°)
=cos(2 x 360° + 45°)

=cos 45° =

Let's Learn

2.9 Graphs of trigonometric functions :

1
V2

Introduction : In this section we shall study the
graphs of trigonometric functions. Consider x
to be a real number or measure of an angle in
radian. We know that all trigonometric functions
are periodic. The periods of sine and cosine
functions is 27 and the period of tangent function
is . These periods are measured in radian.

(i) The graph of sine function:

Consider y = sinx, for — © < x < . Here x
represents a variable angle. The table of
values is as follows:

0 |l | n |n|2r|3n |5¢w
X 64 |3 |2|3|4]|6]|F
y10(0.5]0.71 (0.87| 1 [0.87{0.71]0.5| 0
Using the result sin(— #) = —sinf, we have

following table:

5w 3n 2n | W T T T

Xt T2 3| 2| 3| a[6]|°

y| 0 [-0.5|-0.71|-0.87| -1 |-0.87|-0.71|-0.5|0

Take the horizontal axis to be the X— axis and the
vertical axis to be the Y- axis.

y=sinx

Fig. 2.21

The graph of y = sinx is shown above. Since
the period of sine function is 27 It means that
take the curve and shift it 27 to left or right, then
the curve falls back on itself. Also note that the
graph is with in one unit of the Y- axis. The graph
increases and decreases periodically.

(ii) The graph of cosine function: Consider
y = cosx, for -t < x < m. Here x represents
a variable angle. The table of values is as

follows:
T n|xn|x|2n]| 3n| Sm
ol I Ml ol B el B Bl
y|[1]0.87[{0.71(0.5( 0 |0.5]0.71| 0.87 | 1

Using the result cos(— #) = cosf, we have
following table:

5w 3n 21 T| 7w b i

X" T2 | T3 | 2[ 3| 4| 6|0

Y| 110871071 05 | 0 [0.5(0.71(0.87|1

Take the horizontal axis to be the X— axis and the

vertical axis to be the Y— axis.




The graph of y = cosx is shown below. Since the , . L s
period of cosine function is 2m. It means that
take the curve and shift it 27 to left or right, then L
the curve falls back on itself. Also note that the
graph is with in one unit of the Y- axis. The graph s —
increases and decreases periodically.

Y y=cosx ; ? Y ;

Fig. 2.23
(Activity) :

o . X 1) Use the tools in Geogebra to draw the
different types of graphs of trigonometric
functions.

y Geogebra i1s an open source application
available on internet.
Fig. 2.22 2) Plot the graphs of cosecant, secant and
(iii) The graph of tangent function: cotangent functions.
T T
Let y = tanx for Y X<

SOLVED EXAMPLES

Note that does not exist for x = —g— As x

increases from 0 to — : 1
2 Ex. 1 Iftan 8+ ——5 =2 then find the value of

. tan 6
1) sinx increases from 0 to 1 and

tan’ 0 + —
2) cosx decreases from 1 to 0. tan’0
. . 1
g - . . : + —F =

. tanx = %C will increase indefinitely as x Solution : We have tan 0 tan 6 2
starting from 0 approaches to % Similarly Squaring both sides, we get
starting from 0 approaches to — %, tanx tan? 0 + 2 tan 6 x tarll A + tar112 g = 4
decreases indefinitely. The corresponding a0+ 2 + tarlfe —4
values of x ad y are as in the following table: 1

R tan2 g+ m =2

T T T T T

o
XT3 s "6 |9 6 | 4| 3

Ex. 2 Which of the following is true?

-1.73| -1 [-0.58| 0 | 0.58 | 1 | 1.73 - _ Itan? 0
. ) 2cosd 1+tan®d
cot A—tan B

11) cot B—tan A = cot A tan B




cos 6 sin .
1) ian 0 Tcot @ =sin 6 + cos 0
Solution :
. 1—tan®> 60
2 = eee—
1) 2 cos®0 l+tan® 6
_ l-tan? 0
RHS = 1+tan? @
sin® 0
_ 1= cos? 0
sin® 60
I+ cos? 0

cos> 0 — sin? 0
cos?> O + sin® 6

= cos’f—sin’ 0
= cos’ 0 — (1 —cos? )

= 2co0s*0—1=LHS

Since the LHS # RHS, given equation is not true.

.., cot A-tan B
- = tAtan B
i) cot B—tan A4 €0 an

Solution : Substitute 4 = B = 45°

cot 45°-tan 45°
cot 45°-tan 45°

LHS =

RHS = cot 45°tan 45° =1
As LHS # RHS, the given equation is not
true.

Note : 'One counter example is enough' to prove
that a mathematical statement is wrong.

... cos O sin 0 .
i) tan 0 oot 0 sin 6 + cos 6
_cos 6 sin 0
LHS = I-tan 6 I—cot 6
cos? O sin? O

cos O —sin @ sin 0 — cos O

cos? O—sin® 0
cos @ — sin 6

(cos B-sin 6) (cos G+sin 6)
cos 6—sin 6

= sin O + cos 8 = RHS

Since the LHS = RHS, given equation is true.
Ex.3If5tan 4 = ﬁ,n<A<37nand

sec B= 11, —3571 < B < 2x then find the value of
cosec A — tan B.
Solution : Stan 4 = \/5

2 5
s tand=-~= and cotd=——
an 5 ana co \/5

As cosec’ 4 =1+ cot* 4

(33

. cosec’ 4 = % and 1 <4 < %c (the third
quadrant)
J27
. COSecA =-— 7

Now sec B = \/ﬁ
Astan’ B=sec?B—-1=10

Thus, tan’? B = 10 and 3% < B < 7 (the fourth

quadrtant)
s tanB=— /10
Now cosecAd —tan B = — @ — (=/10)

NG

N
G

1
Ex.4 If tanO = —— then evaluate
V7

cosec? O — sec? O
cosec? O + sec? 0O

. . 1
Solution : Given tan0 = —=
J7

;. coth = N7




Since, cosec’0 =1 + cot?0
sec’0 =1 + tan%0

.. cosec’0 —sec’0 = cot’0 — tan?0

. cosec’0 +sec’0 = cot’0 + tan*0 +2

cosec? § — sec? O
cosec? O + sec? 0 —
1

7 w3
7+%+2 64 4

cot’ O —tan’ 6
cot’ 0 +tan’ 6 +2

Ex.5 Prove that cos®® +sin°® = 1-3sin’0 cos’0
Solution : (a*tb*) = (atb)’-3ab(atb)
L.H.S. =cos®0 + sin°0
= (cos?0)® + (sin’0)’
= (cos?0 + sin’0)* —3co0s?0 sin’0 (cos?6 +sin’0)
= 1-3sin’0 cos’0 (Since sin’0 + cos?0 =1)
= R.H.S.
Ex.6 Eliminate 0 from the following :
(i) x=acosB, y=D>bsind
(il) x = a cos’0, y = b sin’0
(111) x = 2+3co0s0, y = 5+3sind
Solution :
(i) x=acosb,y=bsind

oo cosO = 2 and sinQ = L
a b

On squaring and adding, we get

2 2
cos?0 +sin?0 = x_2+y_2
a b
but sin?0 + cos?0 =1
2
x2 Yy _
a b

(i) x=acos’0, y=Dbsin’0

. cos’0 =2 and sin’0= 2
a b

1
. cosO = (i)3 and sin0 = (%)

W [ —

On squaring and adding, we get
2 2
cos’® + sin’0 = (5) 3+ (%) 3

but sin?0 + cos?0 =1
2 2

)

(ii1) x =2+3 cos0O, y = 5+3 sin6

x—2=3cosO, y—5=3sind

_ -5
cosO = (x 2) , sinf = (y—j
3 3

We know that,

cos?0 +sin’0=1

Therefore,

(X—zjz + [y__s)z — 1

3 3
(=22 + (y=52=(3)
(k=22 +(y-52=9

Ex.7 If 2sin’0 + 7cos® = 5 then find the
permissible values of cos .

Solution : We know that sin’0 = 1—cos?0
Given equation 2sin’0 + 7cos® =5 becomes
2(1—co0s?0) + 7cosb =5

. 2-2c0s’0 + 7cosb =5 =0

. 2¢0s*0 — 7cosO +3 =0

. 2c0s%0 — 6¢cos0 —cosO +3 =0

. (2cos0 — 1)(cosO -3)=10

. cosf =3 orcosb = %

But cos6 cannot be greater than 1

. Permissible value of cosO is %




Ex. 8 Solve for 0, if 4 sin? @ — 2(x/3+ 1) sin 0 + Now sec* 6~ tan’ 6 = 1
B3=0 oo (sec @+ tan ) (sec § —tan ) = 1
Solution : 4 sin? 0 — 2(~/3 + 1) sin 6 + V3 =0is

" % (sec—tan ) =1
a quadratic equation in sind. Its roots are given by

2
o (secf—tan 0) =3 (2

—bi\/b2—4ac ( ) 3 @ 13
2a From (1) and (2) , we get, 2 sec § = 3

where a=4,b=—2(\/§+1),c=x/§ se06=£andcosé’=£

12 13

2(\B+1)i2\/[2(\/§+1)}2 -4(4)(3) . tan 0= =5 and sin 0= ==

o 12 13

.. sinf = 24

5 Ex. 10 Prove that
2(ﬁ+1)i2\/[(ﬁ+1ﬂ ~(4)(+3) sin0__tang

= 1—cos@ 1+cos@

2(4)

= sec # cosecl + cot O

in @ tan @
Solution : LHS = i an

(\/§+1)J_r\/[(\/§+1)}2_(4)(\/§) 1—c0s0+1+cos0

= @) _ sin@(1+cosd)+tan&(1 —cosH)

(I-cos@)(1+cosb)
(\/§+1)i\/3+2\/§+1—4(\/§)

sin@+sin@ cos@ +tan@ —tan @ cos

4 - 1—cos?@
(\/§+1)J_r 4—2(\/5) _ sin@+sinf cos@ +tand —tan @ cos O
= - . 2
4 sin” @

f 2 sinf sin@cos@ tanf@ tand cosl
:(\/ngl)i [\/E_IJ :sin29+ sin” @ +sin2<9_ sin’ @

4
(\/§+l)i(\/§—l) _ s‘1n249 Jrsmf9;:0s94r t'anzé? B S:ng
= 2 sin“ @ sin“ @ sin“@ sin“ @
3 1 _ sin@ cos@ tanl
-5 T35 sin@  sin’@
0 1
o= L = C?S +— = cot @ + cosecl sec 0
6 3 sin@ sin@ cosd@
Ex. 9 If tan 0 + sec 6 = 1.5 then find tand, sind = sec 0 cosect + cot § = RHS
and sec6.

) Ex. 11 Prove that
Solution : Giventan @+ sec 0=1.5
secOd —tan @

+ = = - = ) + 2
. tan 9 S€C 0 2 P (1) 0 ¢ 0 Sec an an




secd —tan @

Solution : LHS =
otution secO +tan @

secd —tan @

_ secé’—tan&><
secO+tan@ secl—tanl

(secf —tan 6)2
sec’ 6 —tan> 0

sec? @+ tan” 6 — 2secd tan O
1

=]+tan’? 0+ tan®* @ —2 sec O tan O

=1-2sec Htan O+ 2 tan? & = RHS

1-sin A4

_ 2>t 4
Ex.12 Prove that (sec 4 — tan A) s A

Solution : LHS = (sec 4 — tan 4)?

=sec’ 4 +tan* 4 — 2 sec A tan 4
1 sin2 A

cos’A cos>A  cosAcosA

sin 4

1+sin® 4 —2sin 4
cos2 A

_ (I—sin4) =1 s%nA — RHS
l—sinzA 1+sin4

Let's Learn

2.2.4 Polar Co-ordinate system : Consider O as
the origin and OX as X-axis. P (x,y) is any point
in the plane. Let OP = r and mZXOP = 6. Then
the ordered pair (r, ) determines the position of
point P. Here (, 0) are called the polar coordinates
of P. The fixed point O is called the Pole and the
fixed ray OX or X-axis is called as the polar axis.

»
>

\ 4
YI

Fig. 2.24

The Cartesian co-ordinates of the point P(r, 0)

will be given by relations :
x=rcos® and y=rsinO

From these relations we get

=4 2+y2 and tan6=§

SOLVED EXAMPLE

Ex. Find the polar co-ordinates of the point
whose Cartesian coordinates are (3,3).
Solution : Herex=3 and y=3
To find r and 6.

2

r = x+y2 andtanOZ%

\/x2+y2 =\/3z+32 - 18 = 32
a1 o= 32

Since point P lies in the first quadrant,0 is an
angle in the first quadrant.
Yy 3

tan0 = 3" 1

Polar co-ordinates of P are (r, 0) =(1, 45°)

- B=45°




EXERCISE 2.2

12)

Find the Cartesian co-ordinates of points
whose polar coordinates are :

i) (3,90 i) (1,180°)

inA=1= I
1) If 2 sinA =1 = y2cosB and 2 <A< 15) Find the polar co-ordinates of points whose
3 - B < 2m, then find the value of Cartesian co-ordinates are :
i) (5,5 i) (1, iii) (-1, -1
tan A+tan B _) -3) ) (143) ) )
cos A—cos B iv) (=43, 1)
Gnd _ sinB _ 16) Find the value of
2) If =37~ =74 T 7% andA,Bare angles 197 255
' i) sin —= i) cos 1140° iii) cot =2
in the second quadrant then prove that 3
+ =-J. . . .
4cosA + 3cosB = =5 17) Prove the following identities:
1 2sin O + 3cos 0 1 1
3) [Iftan® = —, evaluate - : T tan 4) +| 1+ =
2 4cos 0 + 3sin 0 ) (1+tan®4) [ a2 A | sinA—sin® 4
4) Eliminate 0 from the following : ii) (cos?A—1)(cot A+1)=-1
i) x=3sec,y=4tanb iii)  (sind + sec 0)* + (cosl + cosec 0)*
i1) x = 6cosecH , y = 8cotO = (1 + cosect sec 0)?
iii) x = 4cos0 — 5sinB, y = 4sinO + S5cosH iv) (1 +cot 8- cosec H)(1 +tan O+ sec O) =2
iv) x =5+ 6¢cosecH, y =3 + 8cotd tan> 0 cot’
V) 2x=3—4tan6, 3y =5 + 3secO l+tan?@ 1+cot’ @
5) If 2sin?0 + 3sin0 = 0, find the permissible = sec 0 cose) — 2 sin 0 cos 0
values of cos0. . 1 1 1 1
vi) - = -
6) If2cos?0 —11cosO + 5 = 0 then find possible secd+tand cost) cosf sect-tand
values of cosH. ) sinf  1+cosO reseet
7) Find the acute angle 0 such that 2cos’0 = vii) l+cos®  sin®
3sind ... tan@  secO+1
8) Find the acute angle 6 such that 5tan’0 +3 viii) secO—1 tan®
= O9secH
9) Find sind such that 3cos6 + 4sind = 4 ix) __cotf _cosecOd+l
cosecd —1 cotd
10) If cosecO + cotB = 5, then evaluate sec6.
3 3 X)  (secAtcosA)(secA—cosA) = tan’A+ sin’A
11) If cotd = = and m < 6 < = then find the
4 4 xi) 1+ 3cosec’0-cot’0 + cot®0 = cosec’d
+ .
value of dcosect +3cosd i) I-secO+tan® secO+tan0—1
xii =
l+secO—tan® secO+tan0+1
(1)




[W Let's Remember

1)

2)

3)

4)

S)

6)

7)

y
A
& cosech functions
are +ve are tve
x' < > X
tané cost

& cotd & sect
are +ve are +ve

v

yl

Fig. 2.25

All trigonometric functions are positive for

60 in the first quadrant.

Only siné is positive; cosf and tané are

negative for 6 in the second quadrant.

Only tané is positive sinf and cosf are

negative for 6 in the third quadrant.

Only cosé is positive; sinfd and tané are

negative for 6 in the fourth quadrant.

Signs of cosecl, sec and cotf are same as

signs of sin#, cosd and tand respectively.

The fundamental identities of trigonometric

functions.
1) sin?6+cos?f=1

2) l+tan?@=sec? 6, If O 7%

3) 1+cot?@=cosec’d, ifd =0

8) Domain, Range and Periodicity of

Trigonometric functions

Trigono-
rgleég_c Domain Range [Period
tions
sind R [—1,1] 2n
cosf R [-1,1] 2
R—{2n+1)L :n
tan® el P R T
cosecd| R—{nm:nel} |R-(-1,1)| 2n
R-{2n+ 1)L :n|p_(
secd =1 D) R-(-1,1)| 2n
cotd R—{nn:nel} R T

9) Polar Co-ordinate system : The Cartesian
co-ordinates of the point P(r, 0) are given by
the relations :

x =r cos0

where, 1= 4 2 +y2 and tan0 = 2
x

MISCELLANEOUS EXERCISE - 2

and y=rsinb

I)  Select the correct option from the given
alternatives.

1) The value of the expression cos1°.,cos2°.

cos3°. ........ cosl179° =
1
tan4  l+secA .
2) + is equal to
1+sec 4 tan 4
A) 2cosec 4 B) 2sec 4
C) 2sin 4 D) 2cos A4

3) Ifaisaroot of 25c0s?0 + 5cosd — 12 =0,

%<a<nthensin2aisequalt0:

24 13 13 24

A-Z B -— O= D —
)7 P 91 )35




1+tan’ 0

3)

State the quadrant in which 0 lies if

4) If6=060°, then a0 is equal to i) tan®<0and secO >0
3 2 1 i1) sin® <0 and cosb <0
A)— B —= O —F= D) /3 N
2 NE) NE) iii) sin® >0 and tan® <0
5)  IfsecO =m and tan® = n, then 4)  Which is greater sin(1856°) or sin(2006°) ?
1 (m+m)+ 1 ) | 5) Which of the following is positive ?
m (m+n)| 18 cqualto sin(~310°) or sin(310°)
A)2 B) mn C)2m D) 2n 6) Show that 1— 2sinf cos® > 0 for all 6 € R
5 7) Show that tan’0 + cot’0 >2 forall 0 € R
6) IfcosecO+cotO= bR then the value of tan
0 is ' x2—y?
14 20 71 15 8) If sinb = — 5 then find the values of
A) — B)=~ () — D)— Xty
25 21 20 16 cos6, tand in terms of x and y.
. 2 .
7) __sin 6 1+.COSQ __sind equals 9) IfsecO=+2 and 3% 0 < 2m then evaluate
l+cos®  sinf  1-—cos6 2
A)0 B)l ()sin® D)cos0 I+tanO+cosecOd
1+cotO—cosecH
8) ?f cosecH — cotB = ¢, then the value of cot 0 10) Prove the following:
is
2 2 -4 144 1) sin? A cos? B + cos? A sin®> B +
A) 1+¢° B) 1-4° ©) 2g D) 2q cos’ A cos’ B +sin? Asin? B=1
9)  The cotangent of the angles = , T and T i) (L+cot ¢+ tan 6)(sin & —cos 6)
are in 3 4 6 sec’ @—cosec’ 6
A)A.P. B) G.P. = sin’ 6 cos’ ¢
C)H.P. D) Not in progression i 2 { 2
1i1) (tan0+ } + [tan@— j
10) The value of tanl°.tan2°tan3°..... tan89° is cos® cos®
equal to
A-1  B1 O D2 o Lrsin’0
) ) ) 2 ) 1-sin’ @
II) Answer the following. .
. . . iv) 2 sec? §—sec* 6 —2cosec? O + cosec* 0
1) Find the trigonometric functions of : — cot O — tan* 0
90°, 120°, 225°, 240°, 270°, 315°, —120°,
~150°, —180°, —210°, —=300°, —330° v) sin*@+cos* @=1-2sin’ § cos*
2)  State the signs of vi)  2(sin® 8 + cos® 6) — 3(sin* 6 + cos* 6)
i) cosec520° i) cot 1899°  iii) sin 986° +1=0
(22 )




vii) cos*0 — sin*0 +1= 2co0s?0 xiv) (1+ tanA-tanB)? + (tanA—tanB)*> =

2 2
i . sec*Asec’B
viii) sin*0 +2sin%0 +cos*0 = 1 — cos*0

‘ sin3 0+ cos> 0 N sin0—cos’ 0 ) XV) 1+cotO+cosecO _ cosecO+cotO—1
1X) Sin0 + cosO Sin0—cos 0 I1—cotO+cosecO cotO—cosecO+1
X) tan’0 —sin’0 = sin*0 sec?0 i tanO+secO-1  tan0O

xi) (sin® + cosecO)> + (cos® + secO)’ = tan+secO+l  sect+1

tan®0 + cot’0 + 7 cosecH+cotf—1 1-sind

xvii) =
xii) sin®0 — cos®0 = (sin’0 — cos?0) cosecO+cotO+1 cosH
(1 —2sin’0 cos’0)
..., cosecO+cotO+1 cot®
XViii) =
Xiii) sin®A + cos’A =1 — 3sin?A +3 sin*A cotO+cosecd —1  cosec -1

o Y- o e




